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John M. Lessells 


APERS in the field of Applied Mechanics have 
appeared in Transactions, ASME, ever since the 
first volume was not until 1927, however, 
that the ASME Applied Mechanics Division was or- 
ganized. In that year, and for a few years thereafter, 
the papers contributed to Transactions by the Pro- 


ISSO It 


fessional Divisions were grouped in separate issues ac- 
cording to the Division sponsorship. Papers of the 
Division appeared quarterly as a part of Transactions 

When Transactions became a monthly periodical] an 
attempt was made to devote the Fe bruary issue to the 
papers of the Applied Mechanics Division until 1935, 
when the Journal of Applied Mechanics was authorized 
by the Publications Committee at the request of that 
Division. Decision to set up the Journal as a separate 
quarterly, but also as a part of Transactions ASME, 
was based on a demand for an international journal 
in the field of applied mechanics which none of the 
societies involved, except ASME, offered to undertake 

Perhaps the most important element in the success of 
the Journal from the point of view of the Publications 
Committee was the appointment, on recommendation 
of the Division, of John M. Lessells as technical editor. 
As one of the organizers of the Division and an enthusi- 
astic proponent of the Journal, he devoted his time and 
talents to the centralizing authority and 
responsibility in his office without remuneration for 
his services, with the result that the Editorial Depart- 
ment was relieved of all duties except those of styling 


task oO! 


manuscripts and producing the finished publication 

In 1956 Lessells asked to be relieved of the editor- 
ship of the Journal, but his interest in it 
advice and long experience are still available. 

John Moyes was born in Dunfermline, 
Scotland, in 1888. As an apprentice in his father’s 
concern he attended engineering classes at the Lauder 
Technical School, Dunfermline, where he obtained a 
Carnegie Scholarship to continue his studies at the 
Heriot-Watt College, Edinburgh, and the University 
of Glasgow, which awarded him the degree of Bachelor 
of Science in Engineering in 1915. During the first 
World War he served at Rolls-Royce, Ltd., in Derby, 
and at the Whitworth Company, Ltd., Newcastle-on- 
Tyne, where his work dealt mostly with inspection of 
aero-engine parts. In 1918 he became special engineer 
to the works manager of Rolls-Royce, Ltd., and was 
engaged in design and production. 

Lessells came to the United States in 1920 to enter 
the employ of the Westinghouse Electric and Manu- 
facturing Company where he organized the Mechanics 
Division of the Laboratories. Nearly a 
decade earlier Benjamin G. Lamme had organized an 
electrical design school for the training of gifted young 
college graduates employed by the Company. George 
M. Eaton, a Member of ASME, organized a similar 
training plan for mechanical engineers at Westinghouse 
in the early 1920's and in this work Lessells played an 


and his 


Lessells 


Research 


} 


outstanding ability 
ise Company, among 


as T_moshenko, Den 


important part. Many men 
were attracted to the Westingho 
whom were such ASME Members 
Hartog, and Nadai 
When Lessells was offered the position of Manager of 
Engineering of the Turbine and Diese] Engine Depart- 
ment of Westinghouse at Sout! Philadelphia, he was 
ting sucl en as Ormondroyd, 
Karelitz, Kroon, othe 


in consulting practice of his « 


successful attrac us 
Sodert erg, re 
Lesse]] 
Associate Professor 


assachusetts Institute 


1935, and in 1936 became 
Mechanical Engin 
of Technology. In 
Associates, Inc 


eering at the M 


1946 he rganized Lessells and 
Lessells joined ASME in 1923 and was made a Fellow 
in 1952. He became an Honorary Member, ASMI 
in 1952, “for outstanding contributions to the develo; 
ment of Applied Mechanics The Amer 
Society of Mechanica] Engineers.”’ 
blue-eyed Scotsman 
whose speech still shows strong traces of a native burr 
d stability that inspires 
has the warmth of 
inctuates his lighter 
ction for his adopte: 
knowledge of it anc 


its history and insti- 


ithin 


Lessells is a stocky, sandy-hair¢ ‘ 
A> a colleague he possesses a s« 
confidence and a friendliness that 
affection. An explosive chuckle ; 


conversation. Interest in and ; 


} 
I 
’ 
I 


country have given him a better 
more profound understanding i 
tutions than most native-born citizens can boast. He 
to Great Brit 
which he spe.ds renewing old 
|, and taking pictures 


The re lationships of Lessells 


for summer holidays 


laintances, Duliding 


is enticed to return 


good wil 
the ASME Editorial 
start, on a basis of 
culties arise between 


Department have been, from the 
friendly cordiality. Should diff 
the Department and authors, a call 
treatment 


to him would assure 
He was a frequent 
the office of the Managing 
dinning, who looked 


pride and members of 


prompt and effective 
and welcomed visitor in 
Editor, the Katherine Cl 
upon the Journal as her special 
the Applied Mechanics Division as her best and most 
respected friends. To the mutual 
standing and co-operation of these two a large measure 
of the success of the Journal rested from its beginning 
Nor should mention be omitted of the loyal and effec- 
tive service of Miss Gwendoline M. Jackson, secretary 
to Lessells, who was always helpfully on the other end 
of the telephone when need aros 
As a fellow editor who has 
Lessells for at least two decades and has watched the 
Journal of Applied Mechanics grow from an experi- 
mental to a respected engineering quarterly 
with the highest international reputation, the writer 
of this tribute is confident that he speaks for a great 
multitude of other friends and co-workers in the field 
of applied mechanics in wishing John Lessells long life, 
sound health, and the satisfactions he has earned 
GeorceE A. Sretson, Editor Emeritus ASME 
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Velocity, Temperature, and Heat-Transfer 
Measurements in a Turbulent Boundary 


Layer Downstream of a Stepwise 


Discontinuity in Wall Temperature 


By D. S. JOHNSON,? WHIPPANY, N. J 


Results are presented of an experimental investigation of 
the concomitant thermal and velocity fields occurring 
when there is a small stepwise discontinuity in the tem- 
perature of the wall on which a zero-pressure-gradient, 
low-speed, turbulent boundary layer has formed. The 
mean velocity and temperature fields have been measured 
and local heat-transfer-coefficient values in the stream- 
wise direction have been obtained in the region where the 
thermal boundary layer has not yet reached the free 
stream. No over-all similarity between the thermal and 


velocity fields was found. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


l . as . 

n/> pU,? = wall skin-friction coefficient 

specific heat at constant pressure 

thermal conductivity 

Nusselt number formed using any length a 

instantaneous value of static pressure 

Péclet number formed using any length a 

instantaneous value of static-pressure fluctuation 

heat flux per unit area 

Reynolds number formed using any length a 

Stanton number 

absolute temperature 
= Q,/pcepUs = friction temperature 

time 

instantaneous values of velocity components in 

direction of z, y, 2-axes, respectively 

1 Based on part of a dissertation submitted to The Johns Hopkins 
University in August, 1955, in conformity with the requirements for 
the degree of Doctor of Engineering. The investigation was sup- 
ported by the Office of Scientific Research, Air Research and Develop- 
ment Command, under Contract AF 18(600)-671. 

? Member of Technical Staff, Bell Telephone Laboratories, Inc.; 
formerly, Research Assistant, Department of Aeronautics, The 
Johns Hopkins University, Baltimore, Md. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 25-30, 1956, of 
Tue AMERICAN Socrety or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street. New York, N. Y., and will be accepted 
until April 10, 1957, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. a 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 28, 1956. Paper No. 56—A-19 


T , ' 
Us ‘ — = friction velocity 
p 


instantaneous values of turbulent velocity fluctua- 


tions im direction of z, y, z-axes, respectively 


co-ordinate axes (see Fig. | 
k/pep = thermal diffusivity 
[ 0 T 
~~ 0 Uo T, 

thermal boundary laver 


geometric thickness of thermal boundary layer 


x C0 bi 
— Tf | - ) ay = momentum thic 
Jo Use U, y 


laver 


instantaneous value of turbulent 


Kness OF 


momentum boundary 

temperature fluc- 
tuation 

dynamic Viscosity 

u/p = kinematic viscosit 

density 

uep/k = 

shearing stress 


Prandtl number 


NV otation 


= ith co-ordinate axis (Cartesian tensor 


= free-stream condition 
= condition at wall 


Vv { 2 


or ensemble 


root-mean-square value 


time average; 1.€ 


INTRODUCTION 


Turbulent flows with mean shear (e.g., the boundary layer 
jet, wake, and fully developed pipe and channe! flows are of im- 
portance in several fields of interest. In many cases where sucl 
flows are encountered in practice, they are accompanied by heat 
or mass transfer; the situation can be much more complex thar 
the flow in the absence of transfer if there are appreciable effects 
of the transferred quantity back upon the flow. Consequently 
studies of such cases have been primarily experimental and usu- 
ally have been directed toward the measurement of over-all prop- 
erties and the formulation of empirical relationships 

The investigation reported here was intended to provide some 
basic information on the transfer of heat through a turbulent 
boundary layer. To this end, the number of controlling factors 
was reduced by making the measurements in an air flow having 
simple, reproducible boundary conditions and whose speed was 
low enough to permit neglecting the effects of compressibility 
In particular, the static pressure was constant and the parameter 
(Ty — To)/T», where Ty is the maximum mean temperature en- 


countered and 7% is a reference temperature such as that of the 
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he continuity 


ambient or ir t was restricted to a 
) ym Dv the converuonal z, y, at 


that the dyna perties of the flow were 
experimental from their values in th h 
' ! f ing I in and fluctuation velocity compons 


transier 
Previous measurements of heat transfer in a turbulent bound- and applying the conventional bouns 
have been for the purpose of obtaming heat- ) t al two-dimensional mean mot 

| he direction of the z-axis 


SuUaLly 1AV 


ayer usu 


} 


ary 
imilar to the 


The investigations most s 


transier data only 


een those of Elias 


ires ip 
igh the momen- 
different streamwis 


de- 


Eage of therma 


ioyer 4 (x 
’ “ 


Mear tempercture 
profile 
Po 


Tempercture T 
feid Thy 


~ wo nected to tempercture 


Irom meanb- 


LS] er 


Reynolds re- eat-Tra ; 
: ' a rurces 


the mean flow is expresse dt 


Or, 
jue to govern- Equation (10 ar in emperature range 1s 
enough to permit assuming the diffusivity a to be constant 

1 for the temperature 


triction 18 assumed 


s latter restriction is the equivalence 
of mass transfer at low contaminant 
such equiva- 


? A result of thi 
ing equations of the same form 
concentrations and heat transfe 


mass-transfer problem t« 


at low temperatures 
teynolds res is we 


» 
studied with heat 


lence would permit a 
transfer as an analog, for example velocity 
theses refer to the Bibliography at the end of the 


¢ Numbers in parer 


paper. 
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cross section 
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2 Sxercs or Winvo TUNNEL 


substitution into Equation [10] followed by averaging yields the 


mean heat-transfer equation for turbulent flow (5 


» or 
0,— - 
Or; 


ee, Mp 
Or, 


a¥V?T -— 


The equation for flow in a boundary layer with two-dimensional 
the laminar-bound 


s the neglecting of dus} /Odzx 


mean motion follows frora usual -laver- 


ur) 
type of approximation ph 
or 


Or 


oT 


oy? 


or 


or 5) 
oy 


oy 


0 (13 


the addi- 


vi} in the same way the 


m the lami 


[13] differs in form fre 
tion of the turbulent heat-tr 


Equation iar case by 
ansfer term 
Reynolds equation differed from the laminar momentum equation 
Furthermore, the 


turbulent heat-transfer and Reynolds equations have the same 


by the addition of the turbulent shearing stress 


general appearance when the gradier 
sure P is zero. this fact has led to semiempiricai 
analyses assuming complete analogy between heat and momen- 
tum transfer, a situation requiring that the Prandtl number a be 
unity as well as equating a vector transport to a scalar transport 


of the average static pres 
In the past 


Just as the boundary-layer-momentum equation can be inte- 
grated to determine the distribution of the turbulent shearing 
stress or to obtain the skin friction, similar procedures yield the 
distribution of turbulent heat transfer and the heat-transfer co- 
efficient at the wall. Integrating Equation 
and applying the boundary conditions 


T = T,, 


13] with respect to y 


V=0, voi =O = 0 14 


at 


together with the continuity Equation [5], the turbulent heat- 


transfer rate is given by 


a| (22 


, OY 


vid(y 


total heat t 


Writing the 
bulent contributions 
[16 


— — pepo} 
oy 


Q = 


and substituting into Equation [13], integration with respect to y 
yields the thermal integral equation® 


5 The derivation of this equation is given, for example, in (6), pp. 


614-615. 


where 69, the geometric thickness of 


as th 


essarily the same 
and the 


be written as 


at of the moment 


static wall te t 
17] can 


pressure mpera 


 e2 


J, 


ipper limit of integration 


o 


Us 


d 


dx 


where the 


tended to 


since the 


integrand vanishes f 


E juation (18 


wr vaiue y greater tl 


is quite similar in form to the momentun 

grai equation tor the boundary layer with zero pressure gr 

Eq [9] limension i 
t 


of length 
characteristic of the thermal convection field. I 


ation the integral has the 
nan alogy wit! 
has called this the 


The 


side of the equation is the local valu 


momentum thickness, Eckert (7 
thickness,’’ denoted here by 6, 
convective {cai-transfer coefficient 


18} assumes the form 
db 


e 


z= 


a fixed 


been found that the so-called friction velocity U. 


In past analyses of turbulent flow with 
is a 
erence quantity, especially for the flow in the neighborhood of th 
wall. For such flows involving heat transfer, Sx 
gested the use of an “‘analogous’”’ reference 

alls the “friction temperature” 7's, a 
TeUse = Q:/(pep). 


‘ity and temperature are 


Convenient expre 


>» Nusselt 
and Pécle 


prod ict of Prandtl ar 


By choosing an appropriate referer 
ber can be obtained as the product he Stanton 
ber can be obtained as the produ I iton 


numbers; the latter, of course, is itself the 
Reynolds numbers. 


EXPERIMENTAL EQUIPMENT AND PROCEDURES 


The wind tunnel, Fig. 2, is an open-return blowing type whi 
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was constructed for the present investigation. The settling cham- 
ber and test section are connected by a contraction which is 
slightly asymmetric in vertical section to permit the test section 
to be a convenient height from the floor. The test-section area in- 
creases slightly from entrance to exit to maintain constant static 
pressure with boundary-layer growth. The side walls of this 
glass while the top and bottom are plastic- 


portion are of plate 
floor was 


faced ply wood While the boundary layer on the 
to all four walls 


utilized for m nts, '/,-in. rods were taped 


transverse to the flow about 2 in. upstream of the end of the con- 


tractior multaneous transition of the boundary layers 


and hence similar growth rates. The entire tunnel is pressurized 
slightly by; --in.-mesh, low-density screen at the outlet. All 
measuret 
which condition the f: 2am turbulence level u’ 


at the entrance to the test section 


is free-stream velocity of 25 fps, at 
is 0.07 per 
cent 

The last 6 ft of floor of 


between 4 


the test section, where boundary 


walls are and 5 in «-in.-thick 


layers on all 
aluminum-alloy plate wh« mperature « 
as 35 deg C above ambient by means of electrical resist 


directly beneat icklir 1e¢ to the temperature 


as much 
e coils 


raised 


gradient 


through the plate is prevented by longitudinal steel channels at- 
tached to t ttom of the plate assembly. The heating ele- 
ments are he ‘ f hrome wire supported by 
; 1 


flow direction and about '/; in 


resistan 


ceram r 

below the plat longitudinal spacing of the coils is uniform 
except in the neighborhood of the leading edge, where they are 
closer her to allow for the higher heat-transfer rates in that 
closed to reduce excessive and variable 


ire er 


region. Tl 3 
The total heating current is controlled by 


a 


extraneous heat | 
a variable autotransformer and local adjustments are made by 


. : ’ 
series with the coils heating each 6-in. length of 


rheostats in 
plate. 
The temperature distribution over the area of the plate is give: 


by 25 copper-constantan thermocouple junctions whose voltages 


ic 
junction in the free stream ahead 


are measured with reference to a 
nections in the plate are soft-soldered i 
inctions the plate are soit-soidered into 


nto holes in the aluminum; 
Immediately prior to 


after finishing 

th the plate surface 
installation in the tunnel, the plate surface was given a “satin”’ 
All measure- 


finish by polishin yver with fine abrasive paper 
ments were made ' the plate heated 15 deg C above free-stream 


temperature; tl es a value of 0.05 for the parameter (7 
i 


T.)/Ts and was cl n after comparing mean velocity and longi- 
tudinal turbulence-ievel profiles at several overheats with those 


; let 


obtained over the unheated plate 
Probes are 


gage; to inch of 


a dev ce simi 


r 
travel fro is given by a dial indicator read- 


ing to 0.001 in 


the position is read by means o 


nifier on a scale divided to 0.01 in. The zero 


£ } rir 


reading for any traverse is obtained by measuring 


cross hairs ar 
distance 

nafies in the plate through a tele 
$ reflection in the plate through a tele- 


A clear reflection resulta when the 


bet ween the pr 
scope having a ret 
axis of the telescop : grazing angle to the plate surface. TI 


estimated accuracy of locat is +0.0015 in. in the first inch of 


travel and +0.004 No deflection of the probes due to 

airloading of then their supports could be detected; zero set- 

tings were generally made 
The 

through the boundary laver were determined at a number of 

points on the center e Mean 


were obtained with a total-head probe consisting of a flattened 


with the tunnel running, however 


mean velocity and mean temperature 


distributions ol 


of the heated plate. velocities 


hypodermic needle with an opening 0.010 X 0.055 in. and wall 


thickness 0.010 in.; the pressures were read on an inclined alcohol 


manometer havir ten-to-one slope where the position of the 


meniscus could be read to an accuracy of +0.01 mm by means of 
Results were corrected for the effect of varying mean 
Several 


& vernier. 
temperature (hence density) in the boundary layer. 
mean velocity profiles also were obtained from hot-wire measure- 
ments as an independent check on the values given by the total- 
head probe; these were found to agree within experimental ac- 
curacy. Corrections for the effects of turbulence, mean velocity 
ity of the wall have not been applied to the 


gradient, or prox j 
data as presented. 

Mean 0.00005-in-dia: 
platinum wires mounted on conventional hot-wire anemomet 
probes but operated as resistance thermometers. These had r 
sistances of the order of 80 ohins and were used in pairs in a 
bridge arrangement to compensate for any gradual drifting of t! 
ambient temperature; one probe was fixed in the free stream wh 


temperatures were measured with 


the cther was traversed through the boundary layer. 
RESULTS OF MEASUREMENTS 
Mean velocity profiles over the heated plate as determined 
from total-head tube measurements are plotted in dimensionless 
There is reasonably close similarity, considering 
teynolds number increases with dis- 


form in Fig. 3 
that the boundary-layer 


Fico. 3 Mean Vetocrry Prorttes Atone Prats 


Fie.4 Momentum Tarcxness or Bounparr Larer 


tance along the plate. The distribution with z of the momentum 
thickness 6** is given in Fig. 4; the dashed line is a simple power- 
law fitting of the experimental data and is represented by 


§** c 


= 0.0135(r + 125). 


with 6** and z in inches. 





Fie. 5 Mean Temperature Proriites A! 


10” 20" 30” 40" 50” 
x 


Fie.6 Convection Taicxness or THERMAL LAYER 


The power-law approximation, of course, does not allow for the 
change of boundary-layer Reynolds number with distance (9 
but it is simple and permits explicit rough estimates of skin-friction 
coefficients through application of the von Karman integral 
Equation [9]. 

It developed that at the free-stream velocity and plate overheat 
used, the thermal boundary layer did not grow at a rate sufficient 
to reach the free stream before the downstream end of the plate 
An extrapolation of the apparent geometric thick- 
nesses, assuming power laws for both growth rates, indicated 
that the edge of the thermal layer would reach the edge of the 
momentum layer some 2 ft past the end of the present heated 


was reached. 


plate. 

The mean temperature profiles under the conditions of the 
present measurements are shown in dimensionless form in Fig. 5 
for a number of distances downstream of the leading edge of the 
heated plate. No over-all similarity is evidenced among these 
and, of course, none is to be expected in a region where the thermal 
layer is growing into a inhomogeneous flow field. The profiles 
farthest downstream from the leading edge do, however, appear 
to be tending to a limiting form, indicating the approach to 
the fully developed state—presumably attainable in another 
2 ft. 

Values of the convection thickness 6, defined by Equation [18] 
as determined from mean velocity and mean temperature profiles 
at several points along the plate are plotted in Fig. 6. Owing to 
the amount of scatter in these points, no attempt was made to fit 
an analytical expression giving the variation of 6, with z; the 
dashed curve was faired in by eye, however. 
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Of course, the von Karman integral method can be applied to 


estimation of boundary-layer-type heat-convection problems 


just as to momentum (6). For the present problem, however, 
an explicit analytical solution for 6.(z) with the given velocity 
field is simple only with a restriction to similar temperature pro- 


files T for all z 


rather laborious job of calculating 6.(x) with 7-curves assun 


an assumption not consistent with Fig. 5 


be a one-parameter family has not been undertaken 
Discussion OF RESULTS 


In the absence of a fully developed thermal boundary layer, no 
significant comparison can be made between the forms of the 
mean velocity and mean temperature profiles. For the situation 
studied, the two are not similar even near the downstream end of 
the heated plate; this is demonstrated in Fig. 7 where the mean 


curve through the velocity profiles of Fig. 3 is compared with the 
mean curve of the downstream temperature profiles of Fig. 5 
[The dimensionless mean temperature has been plot 


N)/(T, —- 7 


mean velocity at the end points. 


Vaiues as 


to give it the same 
In Fig. 8 t 


temperature data are plotted in semilogarithn 


indicate the extent of pe yasib le ogalr 


ORMS OF MEAN-VeE 
URE PROFILES 


CoMPaRiIson oF I 


Oo ~—«100 
Usy 
¥ 


Mean VeELocity anp TeMPEeRATURE IN Semi-LocariTHM 
Co-ORDINATES 





MARCH 


0003) 


Nussect NoMBer A 
might contri 
possibile smali deviations trom tw 
flow, led to the conclusion that the : 
has a value very near that given 
formula (10 The variation of c, 


therefore determined to be as shown in 


tion velocity as computed from Fig. 9 by means of 


is given in Fig. 10 
Stanton number aiong the pi “<1 


es were obtained [rom appl 
6. The friction temperature 7+ as define 
is plotted in Fig. 12 from the data of Figs. 9 and 11 
t this quantity remains almost constant with dis 
long the plate following a sharp drop in the leading-edge 
This behavior is to be contrasted with the monotoni le 


the friction velocity, the analogous quantity pertaini 
The loca! heat-transfer coefficient was « omp ited in the fo 
the Nusselt number based on distance from the leading edge ar 
s presented in Fig. 13. The values were obtained from the rela 
= Pe, St = oRe, St where the material properties were 
t the free-stream temperature 


CONCLUSION 


i for the skit The experimental investigation of the velocity and 


mpa;riso No ack ne tne Vv lt Dtained 
friction coefficient t one location where independent determina- fields existing downstream of a stepwise discontinuity in t 


} } 
tions could be made from extr apoliation to the w all 


of the turbu- _ perature of a flat plate on which a turbulent boundary layer has 
lent shearing stress is directly measured (10) and as com- been formed has constituted a first step in the study of the details 
puted from Equatior from the “law of the wall’’ (11) and from of heat transfer through turbulent boundary lavers. The follow- 
the semiempirical relati of Squire and Young (12) as well as ing general results may be stated in connection with the region 
from the use of | yuations |Y and [22 These did not agree where the thermal boundary laver has not become fully de- 
within experimental accuracy and, in fact, the largest value was veloped; i.e., of the same order of thickness as the existing 


more than twice the magnitude of the smallest. Examination of momentum boundary layer 





(a) There does not appear to be similarity between the mean 
velocity and mean temperature profiles. 

(b) The local friction temperature remains almost constant 
with distance from the leading edge of the heated section of wall 
following a sharp drop in the initial region. 
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A Theoretical Analysis of the Viscous Flow 
in a Narrowly Spaced Radial Diffuser 


By HENRY W. WOOLARD,? BUFFALO, N. Y. 


A theoretical method for calculating the radial pressure 
distribution for laminar viscous flow in a narrowly spaced 
radial diffuser having arbitrarily shaped walls deviating 
only moderately from a plane surface is developed. The 
analysis as it stands is also directly applicable to turbulent 
flow in the initial inlet region of a diffuser. Additional 
work is necessary to obtain a complete turbulent-flow 
analysis. Pressure distributions calculated by the lami- 
nar-flow theory show reasonably good agreement with the 
limited experimental] pressure distributions available at 
the time of the analysis. Fairly good agreement also is ob- 
tained for the performance of a disk-valve element. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


r, y, @ = cylindrical co-ordinates; radial, axial, and peripheral 
ns respectively (Fig. 1) 

h local displacement or gap between diffuser walls (Fig 
2) 
nondimensional displacement or gap, (A/h,;) 
outer radius of diffuser (Fig. 1) 
local boundary-layer thickness (Fig. 1) 
nondimensiona!l boundary-layer thickness, 26/h 


boundary-layer displacement thickness, 
» » ? 


raciiue f 
raqcius, (T/T, 


nondimensiona! distance from diffuser entrance 
’ ri; 

nondimensional y-co-ordinate, (y + A/2)/d, y < 0 

“omponents, re- 


= 0 


radial, axial, and peripheral velocity 


spectin cylindrical co-ordinate system; u 
hereir 

velocity along 1 ig. | 

ner radius ( Fig 
along y = 0,(U/U 


velocity alon 


velocit 
nondimensiona! velox 
hnondimensi 
jr 
= total pres 
Pp = 
P= 
' Based on the author’s Master of Science thesis, ‘‘A Study 
Flow in a Narrowly-Spaced Radial Diffuser,"” University of Buffalo, 
Buffalo, N. Y., February, 1954. 
*Research Aerodynamicist, Cornel] Aeronautical 
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weight 


speci 
total weight of the upper 
uantity 


(E yuation 


i‘ 
ndary-layer-profile | 


laminar boundary-layer-profile parameter (Equ 


29 

laminar boundary-layer-profile 
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boundary-layer-profile paramre Equation [9 

boundary-layer-profile parameter (Equation 

§$—1)/(9 3g; 
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Subscripts 
= conditions at inner radius (Fig. 1) 
conditions at end of injet region (Fig. 1 
conditions where separation begins (Fig. 1) 
conditions at outer radius (Fig. 1 * 
conditions at diffuser wall; i.e., a +h 
conditions in supply pipe (Fig. 2 


derivative with respect to ¢[ 


9 


Superscripts 


lent variable 


, 


= derivatives with respect to the indeper 


INTRODUCTION 

This paper is concerned with the theoretical determination of 
the pressure distribution for the flow of a viscous fluid in a nar- 
rowly spaced radial diffuser having arbitrarily shaped walls de- 
viating only moderately from a plane surface, Fig. 1. A nar- 
rowly spaced radial diffuser is defined herein as one in which the 
displacement effect of the wall boundary layers is strong enough 
to restrict the nondimensional perturbation velocity along the 
central stream surface, i.e. (U/U,;— 1), and the absolute value 
of its first derivative with respect to r/r;, to values smal] in com 
parison to unity. 

This analyms was developed originally for the purpose of 
understanding and predicting the behavior of a simple double-disk 
valve element of the type shown in Fig. 2. Elements of this type 
occasionally are used in hydraulic servos or in other hydraulic 
devices. Justification for the analysis can be made, however, on 
the basis that it deals with a fundamental-type flow as well as on 

ut it has possible usefulness in the study of the flow in 


certain types of centrifugal-compressor diffusers (1),* radial bear- 


* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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Fic. 2 Dovsie-Disk Vatve ELEMENT 


ings (2, 3), spherical bearings (4), or pneumatic gages (5). 

Radial diffusers in one form or another have been investigated 
experimentally by Brown (1), Allen (5), Comolet (8), Willis (9), 
Eck (10), Mohn (11), Mohn and Connelly (12), Paivanas (13), 
and Welanetz (14); and theoretically by Fuller (2), Shaw and 
Macks (3), Purday (6), Comolet (7, 8), Brown (1), Mohn (11), 
Welanetz (14), and Woolard (15) 

The theoretical analyses of Fuller, Shaw and Macks, Purday, 
and Comolet are for a laminar viscous flow in which the accelera- 
tion terms in the equations of motion are assumed to be small in 
comparison to the viscous terms, and are therefore neglected 
This is a special case of the problem analyzed in this paper and is 
analogous to the Poiseuille type flow for straight channels and 
pipes. 

Mohn (11), Brown (1), Welanetz (14), and Woolard (15) have 
dealt with various aspects of the problem using the classical hy- 
draulic method. The hydraulic method treats the flow as one- 
dimensional and utilizes a modified Bernoulli equation which in- 
eludes an additional term accounting for the pressure drop due to 
friction by means of a friction factor or coefficient. 

Pressure distributions calculated‘ by the author using the hy- 
draulic method for laminar and turbulent flow‘ in a radial diffuser 
with paralle] walls are shown in Fig. 3, where they are compared 
with an experimental pressure distribution obtained by Mohn 
(11) for the flow of water in a double-disk valve element. A 
pressure distribution for one-dimensional frictionless flow also is 


4 For further details see author's thesis (15). 

* The author’s original thesis (15) contains an error for the turbulent 
case which may be corrected by dividing by 2.0 those terms containing 
the friction coefficient f. 
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shown. It is seen here that the turbulent-flow calculation agrees 
fairly well with the experiment. 

For a number of reasons, one is apt to suspect that this agree- 
ment is fortuitous. First, it is not known in Mohn’s experiments 
whether the flow in the diffuser is laminar or turbulent. There is 
good reason to suspect that it is laminar even when the flow in the 
supply pipe is turbulent. This suspicion is based on the fact that 
the flow experiences a large contraction in cross-sectional area in 
passing from the supply pipe to the diffuser inlet. Large area 
contractions are effective in reducing turbulence. Sternberg 

17), in a very interesting paper, has shown that the conversion 
of a turbulent boundary layer to a laminar one can actually occw 

Regardless of whether the flow is laminar or turbulent there 
are numerous reasons why the hydraulic method is open to sus- 
picion. The hydraulic method assumes that the boundary layer 
fills the gap at the entrance of the diffuser, whereas it probably 
requires some finite radial distance for the boundary layer to 
span the gap. The term accounting for the pressure drop due to 
friction in the hydraulic method is obtained for flows in which 
there is no acceleration or deceleration in the flow direction. This, 
of course, is not the case for the radial diffuser. For the turbulent 
cease, the hydraulic method uses friction coefficients obtained for 
circular pipes. The applicability of these friction coefficients, 
through the hydraulic-radius concept, to the greatly differenat 
boundary conditions of the radial diffuser is certainly questiona- 
ble. Finally, 


dicting a separation point. 


the hydraulic method provides no means 


pre- 


Using the inlet flow into straight pipes and channels’ 

guide, the radial-flow regions of a radial diffuser are assume 
this analysis to be as shown in Fig. ]. Here it is seen that the 
boundary layer does not completely fill the gap near the inlet, ar 

onsequently, there exists a flow-region, cailed the potential cor 
in which there is no viscous shearing action. As we follow 
the radial direction, the bounda 


creases until the boundary layer completely fills the 


yer thi 


kness 


flow in 
gap 
region from the inner radius r; up to this point is ealled the 


once the boundary 


In a straight pipe or channel! 
the flow will continue 


region. 
fills the pipe or channel, 
same general character as one proceeds 
except where the boundary layer is init 
case transition to a turbulent laver ma 
will be somev 


radial-flow case, however 
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This 


gradient eventually will cause the boundary layer to separate 


the positive pressure gradient in the radial direction 
from the wall, a phenomenon which does not occur in straight 
pipes and channe!s where the pressure gradient in the flow direc- 
tion is relatively small 

This representation of the radial-flow regions is valid for flows 
laminar or turbulent 


the case of transition 


layer is either 


Naturally, 


in which the boundary 
region 


nt layer cannot be treated theoreti- 


throughout the whole 
from a laminar t 
cally 

All of the reg 


I 10t necessarily exist in a given 
The flow condition ; such that the exit of the dif- 


case 


fuser is reached bel he y layer separates or before it 


fills the gap 


In solving a three is only neces- 
sary, of course, t Dtain a solution the pressure is 


constant in the separated region 


The analysis herein is for incompressible flow and uses the “‘in- 


tegral method’’ of solution (1 19 For laminar flow, it is 
possible that a slightly more exact method of analysis could have 
been performed i: generalizing Blasius’ solu- 
tion for the 


gous to 


regior 
two-dimensio i boundary layer in & Manner anaio- 


and circular papes (16 However, 


indicated th: 


his method of approach 
ulties than the simpler 


and more flexibl » integral method has the 


advantage that it | t in and turbulent flow 
and is easier to Its use permits the 
a somewhat gross manner. That 


diff > nh which the upper and 


lower walls are no mm I > riat y= 0, Fi lL, we 
ma‘ within repiace 
symmetri ingu or " nm having 
height A at a given radia ion providing, of course 
riginail nons 


This paper d 
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indue difficult 
prior treats this investigation 


1athematical! an is is simpler than for the turbulent case 


he bour r : 1 the radi 


iaminar, even 
reason previou 
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valid in a gas when the approa t 
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sound, or in a liq | J 
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writes the 
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the steady radia! flow of incompressil 


If one 


ential equation he cylindri ordinates 


The Governing I lial FE quations 


le 


and applies the usual order-of-magnitude an aivsis (19) for bound- 


ary-layer flows, one determines that the static pressure is a func- 


i that the governing equations are 


tion of r only, ar 
Ou 
or 


These are the boundary-layer equations that must be solved sub- 


ject to the given boundary conditions. Before proceeding with 


§ See, for example, Goldstein (16), p. 103 


1] 


their solution, it is of interest to emphasize two important charac- 
teristics of the flow 

Two Important Characteristics of the Theoretical Flow. It is as- 
sumed, as ap approximation, that (0*u/dy*) = Oaty = 0. We 
then have the following useful relations 


Aty = 0 
v = 0, due to symmetry 
0*u/dy? = 0, by assumption 
from Equation [1 
pladl 
Upon integration, this becomes 
p+pU*/2=H 


That is, Bernoulli's equation is valid on the surface y 
Aty = +A/2 


Substituting these values, and Equatio 
obtain, at the wall 


UdU/dr = vd*u/dy* 


It is emphasized here that the curvature 


‘ ‘ 


considered to be small, so that the distance 


sentially equal to (r r,), and the distar 


equal to y; i.e., the cosine of the local ang 
diffuser wall is taken to be unity 

Integral Form of Boundary-Layer Equations for Present Prob- 
lem. If we apply the averaging process ou "Schlicht ng 
(19) to Equation [1], and substitu ions [2] an in the 
resvit, we obtain the following 


' 
iaver momentum 


° 
>r 


p 


terms of these 


this basis, quation come, respective 


where 





I; = i (u/U)dn 


These equations are valid for either a laminar or a turbulent 
boundary layer in both the filled and inlet regions. The parame- 
ters 9 and 93 obviously have different values for laminar and tur- 
bulent boundary layers. 

Solution in Inlet Region—Laminar or Turbulent Boundary 
Layer. In the inlet regions it is assumed, for both laminar and 
turbulent boundary layers, that the boundary-layer profiles are 
similar to each other at different radial stations. It is realized 
that this is a somewhat bold assumption. Solutions possibly 
could be obtained without making this assumption, but they 
would be rather involved and probably would require complicated 
iterative procedures. Physically, the assumption is aided some- 
what by the fact that we are dealing with narrowly spaced dif- 
fusers. In this case, the displacement effect® of the growing 
boundary layer tends to reduce the pressure gradient considerably 
over that which occurs in the nonviscous case, Fig. 3, and hence 
the profiles in the inlet region tend to behave more nearly like 
those on a flat plate. In any case, the solutions obtained from the 
theory based upon this assumption agree fairly well with experi- 
ment, and it is believed that the assumption is justified for the 
purpose of obtaining an approximate solution. 

For similar profiles, 9 is a constant and not a function of r in 
Equation [8]. The quantity [0(u/U)/d7], is also a constant. 
Denote this by 

a, = [Au/U)/On)ex, (4 Sr S11). {12] 
The parameter a, has different values for laminar and turbulent 
boundary layers. In the theory for the laminar boundary layer, 
an analytical expression for the velocity profile can be derived so 
that the profile shapes join smoothly at r, in passing from the 
inlet region to the filled region. For this reason, the expressions 
for 9 and a, depend upon the analysis in the section entitled 
“‘Laminar-Boundary-Layer Profile Characteristics in the Filled 
Region.”’” A smooth joining of the turbulent-boundary-layer 
profiles at r, cannot be achieved, since there does not yet exist an 
analytical expression for the turbulent-boundary-layer profile 
which accounts for the external pressure gradient. Explicit 
formulas for 9 and a, for a laminar boundary layer in the inlet 
region are given in the Appendix. The corresponding formulas 
for a turbulent boundary layer may be found in the author’s 
thesis (15). 

If we apply the conditions that 9 and [0(u/U)/dm), are con- 
stant in the inlet region, combine Equations [8} and [10], and 
introduce the nondimensional quantities 


A =r/r, U* = U/U,, h* = h/h, and 6° = 26/h 


we obtain, after some algebra 
[2Ke%9 — 1)A2U*6*? — Kol 9 — 1)kAd*/h* 
+ Ko*Ah*U%5*)}dU*/dA + Ko(9 — 1) AU*6*? 
+ Ke? (A*h*’ + Ah*) U*%* — Kod — 1)k (1 
+ Ah*’/h*) U*6/h* + 40,Ke?K,A2U* = 0 . [13] 
The nondimensional boundary-layer thickness becomes 
6* = (k/AU* — h*)/Kh*. . [14] 
Now define 0 as 
Ut = 1+ 0. [15) 
Further assume that | |< 1 and |d0/dA| < 1. 
These approximations are valid only for a narrowly spaced 


* Reference (19), p. 109. 
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radial diffuser, in which the displacement effect of the growing 
boundary layer tends to make U and dU/dA considerably less 
than in the nonviscous case. 

The foregoing assumptions regarding U permit linearization 
If we substitute Equations [14] and [15] in 


of Equation {13}. 
Equation [13], introduce the variable ¢ 
and neglect nonlinear 


less than ul ity, 


and h*; , we obtain 


Af) = expS” [ol £)/gil: 
*. 


If ¢ = 0 is not a singular point of the differential Equation 
[16], Ks = 0 will satisfy the required boundary condition 0(0) = 
0. It is shown in the author’s thesis (15) that when 6*, = 0 
¢ = 0 becomes a singular point and it is not possible to satisfy the 
boundary condition. This behavior is more or less to be ex- 
pected, since the original boundary-layer equations are valid 
only for large local Reynolds numbers (based on the length 
r—vr,). It is not the purpose here to resolve the problem of the 
behavior of the boundary layer at a leading edge. This is a diffi- 
cult problem within itself, and has not yet been resolved com- 
pletely (21, 22) even for the simpler case of the flat plate at zero 
angle of attack in a uniform stream. In addition, 6*; = 0 is an 
idealization, and in any actual case some initial boundary layer 
will probably exist so that 6*, will not be zero. The procedure 
will be to estimate 6*; when possible, and when not possible, use a 
value arbitrarily small compared to unity. The following sug- 
gests itself: Since in the usual flat-plate boundary-layer theory, 
the local boundary-layer thickness is assumed to be smal! in com- 
parison to the distance from the plate leading edge, we are assured 
of obtaining a value of 6; small in comparison to h,/2, if we use for 
6, the value of 6 obtained from flat-plate theory when based upon 


a Reynolds number equal to U,A,;/2v. This yields 
6*, = 7.07(¥/U a,” (22) 


for a laminar boundary layer. 

The integrals indicated in Equation [20] must be evaluated by 
numerical methods. The simple trapezoidal rule is usually ade- 
quate for this purpose if small enough increments are taken. The 
integration stops at 6* = h*, hence it is necessary to make a 
running calculation of 6* in order to determine where the integra- 
tion should be stopped. 

The parameter K; depends upon a;, which is unknown a 
priori and must be determined by an iteration process. The pro- 
cedure for determining a, is described in the Appendix for a lami- 
nar boundary layer and in the author’s thesis (15) for a turbu- 
lent boundary layer. 
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O(h*). It follows tl 


The functions F(7), Gin), and L(n) are analogous 


known Pohlhausen functions (19) for the boundary-| 


about a body immersed in an infinite stream 
. ay I; 


Boundary-layer separation occurs when [0(u/U)/d7}, 
hence the criterion for separation obtained from Equation [2 Cy = 3214/1; 160//; 


separation ). 34) The differentia! Eq lauion | s7 | must be integrated nume 


. = : There are numerous methods for doing this. The author u 
Solution in Filled Region—Laminar Boundary Layer. In this Runge-Kutta method. Kamke (23) gives explicit formul 
region, 6 = h/2, and g ble Substituting Equation [28] applying the Runge-Kutta method directly to a second-order dif 
in Equation : ferential equation of the form y” = | y,y"). His formulas are 


g J. JI, + B97, + bJI, + Js 135) more convenient than the usual method of applying the Runge- 
Kutta method simultaneously to two first-order differential 
where equations. 


= 0.440] | one might question the necessity of linearizing, since the Runge- 


rf 


' Since it is necessary to integrate Equation [37] numerically, 
f. F 2 ” dn 
0 


°1 Kutta method is valid for a nonlinear differential equation.“ In 
F(n)G(n)dn = 0.002285 | practice, the labor involved in numerically solving the nonlinear 

: equation by the Runge-Kutta method is considerably greater 
0.4235 than that required in solving the linearized Equation [37]. In 
addition, since the solution in the inlet region of the diffuser is 

f GXn)dy = 0.001102 based upon a linearized equation, the same degree of accuracy 
0 should be retained in the filled region for the sake of consistency 
It will be recalled that in the development for 9 the terms con- 
taining b were not dropped, even though their coefficients were 
very small compared to those of the other terms, because such a 


1 
I, = f, L%n)dn = 0.3752 _ 


%” The nonlinear equation is presented in the author's thesis (15). 


. 


1 
2 f, G(n)L(n)dn = —0.0000601 


. 
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procedure would reduce the order of the differential equation and 
thus cause the loss of a boundary condition. 

The boundary conditions in the present problem stipulate that 
O(¢,) and (dU0/df), be equal to the values obtained at {, from 
the inlet-flow solution; that is, the two solutions must join 
smoothly. 

If an order-of-magnitude analysis is made of g,({) and gs(¢) it 
may be shown that they are O(10), whereas the coefficient of 
d?U/df* is unity. This suggests that the boundary condition on 
(dU/d¢), has only a localized influence which diminishes rapidly 
as (¢ —¢,) increases, This conjecture can be tested by comparing 
solutions of the first-order and second-order differential equations. 

If we now neglect terms containing /, and J, in Equation [35] 
before substituting in Equation [8], the following first-order dif- 
ferential equation is obtained in place of Equation [37 } 


gl f)d0 ‘dt tT gsi c C = ge [42] 


where 

g(f) = C,/h*41 + £) + Cr/h™ [43 ! 
and gs({) and ge({) are as defined in Equations [39] and [40], re- 
spectively. Equation [42] may be solved by numerical quadra- 
ture in the same manner as Equation [16]. 

Two examples were computed in the author’s thesis (15 
both the second-order and first-order differenti:l equations for the 
filled region; i.e., Equations [37] and [42], respectively. The solu- 
tions obtained were practically identical for both equations and in 


, using 


This limited evidence seems to indicate that solutions 


both cases. 
based upon a first-order differential equation, although theoretic- 
ally questionable, may be satisfactory from a practical stand- 


point. 
APPLICATION 


In order to determine whether the theoretical analysis gives 
reasonable results, three examples have been calculated for com- 
parison with the experimental results of Mohn (11). The caleu- 
lations were made for the laminar flow of water in a basic double- 
disk valve element of the type shown in Fig. 2. The disk surfaces 
(diffuser walls) are flat and parallel. The inner radius r; is 1.00 
in., and the outer radius # is 2.85 in. Two of the cases were 
calculated using both the second-order and first-order differential 
the two different 

Because of this 
close agreement the calculation of the remaining case is based on 
the first-order differential equation. All calculations were carried 
only to the second approximation in the inlet region. The linear- 


equations in the filled region. In both cases, 


procedures yielded practically identical results 


ized Bernoulli equation is used to calculate the pressure distribu- 
tion for the sake of consistency. Further details may be found in 
the author’s thesis (15 

A pressure distribution calculated by the present theory is 
compared with one of Mohn’s experimental pressure distributions 
in Fig. 4, where it is seen that the agreement is reasonably good in 
view of the geometric differences between the actual device and 
the theoretical model. The theory predicts flow separation at a 
radius of 2.41 in., hence the static pressure is constant from here 
on out to the exit radius of 2.85 in. The corresponding pressure 
distribution calculated by the hydraulic method, Fig. 3, of course, 
does not yield a separation point. Knowledge of the separation 
point is of interest for at least two reasons: (a) If a diffuser is 
being used to recover static pressure, it is useless to make the 
outer radius greater than the radius at which separation occurs 
(b) If separation occurs in a flow system it is apt to cause flow in- 
stability. This is undesirable in any case, but especially so in a 
double-disk valve being used as a control device in a hydraulic 


system. 
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It will be recalled that the theory is based upon the assur 
that CT <1 dU/dA <1 In the three er 


lated it was found that these « onditions were satisfied in 


and 
The largest deviation in 0 occurred for the case shown in 
For this case ( decreased monotoni illy from zero at the 
radius to a value of 0.190 at the s« paration point 
using the lineari 
Plots of U for all three 


cases may be found in the author’s thesis (15 


tribution for Fig. 4 may be reproduced easil 
Bernoulli equation and the data in Fig. 4 


The theoretical weight flow rate and displacement curves for 
double-disk valve element as obtained from the three cak ulate 
cases are compared with experiment in Fig. 5. It is seer 
figure that although the flow rate and displacement curves agre¢ 
closely with experiment, the corresponding upper disk weight 
are different 
while the theoretical weight is 25.1 Ib 
edged differences between the actual model and the theoretica 


The experimental upper disk weight is 32.7 
In view of the acknow!- 
model, this agreement seems reasonably good 

It will be observed that the experimental curves in Fig 5 
hibit an abrupt change in slope at a supply-pipe pressure head of 
about 50 ft of water. 
of the double-disk valve with water flow 


This is a typically characteristic behavior 
It is believ ed to be due 


to a cavitation phenomenon since it occurs when the pressure at 
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a 19 Boundary Layer Theory,”’ by H. Schlichting, translated 


the inner radius approaches absolute zero If one uses the cri- 


irves occur when the pressu 


solute zero, the present theory predicts the position of the slope 


we, & Tamly GF Cur , ' = " ' . ‘J. Kestin, McGraw-Hill Book Company, Inc., New York, N. ¥ 
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Head Loss in Flow Through a Cyclone Dust 


Separator or Vortex Chamber 


By H. E. WEBER' anv J. H. KEENAN? 


An analysis for predicting the head loss in flow through a 
cyclone dust separator is presented. The effect of wall 
friction is indicated by consideration of two cases—one 
for zero wall friction, the other for wall friction great 
enough to eliminate the angular momentum of the stream. 
Comparisons of the analysis are made with the experi- 
mental data obtained from a test cyclone in which the 
flow rate, the depth of the inlet area, the radius of the ex- 
haust pipe, and the extension of the exhaust pipe into the 
cyclone were variable. In general the agreement between 
the theoretical and experimental results is good. The re- 
gions of deviation between the two results are evaluated 
qualitatively with respect to the effects of wall friction on 
the head loss. 


NOMENCLATURE 
The following nomenclature is used in the paper 


a, = cross-sectional area of cyclone-exhaust pipe 
a; cross-sectional area of cyclone-inlet port 
constants in solution of equations of motion for an in- 
viscid fluid 
H = head of fluid n -cting body forces, where H = p + 
pV? in consistent units 
difference in head between fluid ¢ ‘lone and 


same fluid at rest after leaving cyclone and expan i- 


ing to atmospheric pressure, whe 


H, 


static pressure 

static pressure of atmospher 
fluid stream 

static pressure of fluid stream 
at radii equal to inlet radius 
tatic pressure at any radius 


plates of vortex chamber or cy 


static pressure at any radius over 
vena contracta 

cylindrical co-ord 

adius of vena 


radius of cy 


1 Shell 
General Electric Company, Danvill 

? Professor of Mechanical Engineering, Massachusetts Institute of 
Technology, Cambridge, Mass. Fellow ASME 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y.,November 25-30, 1956, of Taz 
AMERICAN Society oF Mecuanicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1957, for publication at a later date Discussion re- 
ceived after the closing date will be returned 

Nore: Statements and opinions advanced in papers are to 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 4, 1956. Paper No. 56—A-8 


Development 
», Calif 


} 


oe 


= radius at which inlet stream enters cyclone or vortex 
chamber as determined by angular momentum of 
inlet stream about axis of chamber—assumed to lie 


‘ ‘ 


at radius of vertical center line of inlet por 

radius of cyclone cylinder 

fluid velocities in cylindrical co-ordinates r, 
spectively 

total fluid veloci 

total fluid veloci 

total fluid velocity at r,; of 

§-velocity at r, of vena cont 

6-velocity at r at surfaces 
a vortex chamber 

§-velocity at r in plane 

z-velocity at vena contr 

density of fluid 
INTRODUCTION 

In a cyclone a flow of gas enters 

through an inlet port which is tanger 


This inlet port, usually of 
may have either its inner or outer side 


chamber. 
of the cylindrical chamber. One end of the cylinder is in t 
of a cone, cut off before the vertex to form a hole which 
T he 
usually a flat plate around an axial exhaust pipe 


The ente 


tex which approximates a potential vortex outside of a centr 


the particle collector or hopper. ther end of the cyli 


extending into 
and concentric with the cylinder ring gas forms a vor 
and a solid-body vortex in the core. The diameter of th 
approximately 60 per cent of the exha 

cylindrical region below the exhaust pipe 

of the cyclone this core diameter decreases with the diameter 
the cone. A discussion of the core is reser f 


ment of the head loss. 


THEORETICAL APPR 


In the following analysis the flor 
*hamber of the shape shown in Fig 
head loss H,, if the flow through the vorte 
a large volume on leaving the chamber, is the 


the head at the inlet and the head where 
zero.‘ For this case a control Volume is t 


The stes 


to any control vol Ime 


iy-flow energy and momentum 


. or : ' 
inside the control volume 
energy and momentum equations 

The principal assumption made in t 

“Investigations Into Cyclone Dust Separators,” by 
Linden, Proceedings of the Institution of Mechanical Engir 
160, no. 2, 1949, p. 233. 

‘ Gravitational, surface tension, and electrical effects are neglected, 
and the head is defined at any point in the flow as 


H= p+(<) >v 


where p is the static pressure and V the total velocity at the 
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flow exists i 
contracta u 
in the expal 
The fore 


No axial 


control Vv 


metric 


sion i 
geome tri 


will be requi 
from the e 
For invis 


gential 


volu \ iti 
e ts rential we . } " " f 

the tangential v iti » inlet-port area 

> cil rential : th ntrol volun 


mall c¢ 


The in 





1 
he = 2 pw? 


which is independent of the tangential velocity and the radius for 


r<r, Therefore, with Equation [9] Equation [8] becomes 


l ; 
(p, — p,)2ardr = 2 pw rr? [10} 


Te 
which is independent of the distribution of tangential velocity for 
r<r,. The only conditions required to satisfy Equation [10] are 
that forr <r, 


wv, = const 


The pressure distribution in the plane of the vena contracta given 
Substituting the pressure dis- 
and the 


by Equation [7] is not required 
tribution over the bottom plate given by Equation [3 


continuity Equation [6] into Equation [10] we obtain 


A different form of this expression leading to the same end result 
is obtained by using Equations [3], [6], [7], and [8). 

To obtain an expression for the radius of the vena contracta in 
terms of the dimensional parameters of the vortex chamber we 
may write Bernoulli’s equation for any streamline from the inlet 
port to the vena contracta, since all streamlines have the same 
total head or Bernoulli constant. For convenience we may select 
a streamline that lies at the radius of the vena contracta(i.e., at 
the outside edge of the stream at the vena contracta where the 


pressure is p,). This equation is expressed as 


By ss ciat B oe 
Pi + PVs Pe > Pv. = 0) 
where V, is the total velocity at the vena-contracta radius and is 


given by 


Equation [13] may be expressed in terms of the inlet velocity by 


use of Equations [5] and [6]; then substituting this into Equa- 


tion [12] we obtain 


y(: +2In %) =0 15] 


From this last equation the ratio of the vena-contracta radius 
to the exhaust-pipe radius is determined as a function of the 
vortex-chamber dimensions. This ratio is plotted in Fig. 2 as a 
function of the square of the ratio of the inlet-port area to the 
exhaust-pipe area for various ratios of the inlet radius to exhaust- 
pipe radius. 

The left-hand member of each of Equations [11] and [14] is the 
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Fie. 2 Vena-Contracta Rapivus in Swik 


head loss per unit inlet-velocity head or 
for the flow through the vortex chaml 
Either of these equations may be 

[15] to determine the head loss. Rewriti 
tain an expression lor the head-loss coe 
geometric parameters of the vortex chamber 


comes 


where a, is the cross-sectiona 


r. are obtained from Fig 


Discussion oF THEORETICAL ReEsvULTs 


In the flow of a real] fluid through the control volume of Fig. 1 
shear forces exist both at the boundaries and in the fluid. It is 
noted that the assumption of inviscid flow to the vena contracta is 
very good in head-loss determinations for ordinary flow (withou 
swirl) through a Borda mouthpiece. One restriction on the 
validity of the results is that the interior edge of the mouthpiec« 
must be “‘far’’ from the wall of the chamber. In such a case the 
velocities, and hence the shear stresses at the walls of the chamber, 
We are justified, therefore, in neglecting the shear 


The same is 


are very small. 
forces when writing the axial-momentum equation 
true for the axial shear forces when swirl] flow is superimposed on 
the axial flow as in a cyclone vortex chamber. However, the tan- 
gential velocities are now, in general, much greater than the axial! 
and radial Therefore, the tangential shear forces 
may not be negligible in the analysis as presented in this paper 
The tangential shear stresses at the walls of the vortex chamber o1 


* Personal communication from Prof. A. H 
chusetts Institute of Technology, Cambridge, Mass. 


velocities. 


Shapiro of Massa- 
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boundaries of the control volume will affect the angular momen- 


tum Equation 5) which was used to obtain the velocity at the 


vena contracta Any internal fluid shear will alter the tangen- 


tial velocities and affect the pressure distributions across the ends 


of the cy lindrical chamber and across the vena contracta These This equation is plotted in Figs. 3 and 4, from which it 
pressure and vel listributions in turn alter the axial-mo- geen that the head loss is much larger for the combinatior 
mentum equatior ally, of course, Bernoulli’s Equation [12 flow and through-flow than for ordinary through-flow 
s not valid In both flows analyzed the pressure Gecreases from the 
It becomes of iz I n to evaluate the limitations that the the vena contracta as the v locity ICreases Then af 
issumption of no tangential shear places on the solution obtained vena contracta the entire velox ad. which is obtained 


when it is applhiec flow of a real fluid. We can show the 


expense of pressure head, 1s | : it swirl the tota 
relative importa! f th angular momentum due to wall joss is the axial velocity hea t ti na contracta pl 
shear near the ini on red to the loss of angular momentum velocitv head at the inlet ’ ! » total head joss 
mily in the atmosph aft vena contracta. Inthigscase itis  syial velocit t 

assumed that all ar ir momentum of the incoming stream about larger 
the axis of the ion with no change ontras 
pressure at it SWirl and 


ontracta 
the following 


ber is higher than 
harges. There- 
) increase until 


pressure < ‘ t ar “CTes ‘ na 1 inne atmosphere 


points fart! ywhstrean , , : must be straight 


region ol 


ordinary 


cham- 
tions 5 or 
angen tial ; 
awirl flow 
comes 
pr aches 


pressure 


tne 


moment 
gr ation ot 


tends only 


i vom 
reases radia 
inward Therefore 


ontracta be- flow of axial mon um, which is equal net axial p 


at the w alls of the control force, is smaller 


the pre ssture torces Equa- in ordina 


1d [riction the vena co 
may also change in win red bution of the vel 
nd pressures. In fact, a central core of approximately solid-bod 
expressed in 


ugh a cycione The 


rotation exists mm the f 
ation b . 


radius of this 18 
onwekn iniform aXial in the 
exhaust-pipe to about 0.6 of the exha ; ra Conseq 1enthy 
radius is less than I im radius of the vena contracta 


The minimur diu f th a contracta is obtained fr 
ly 


*It is found that increasing the dust loading or roughening the 
cyclone walls, which decrease the angular momentum of the fluid 
jecreases the head loss or pressure drop through the cyclone 


zeTO swirl) is 





Heap-Loss Coerricient; Data on 0.7-Ly. ExTENSION OF 
Exuavcst Pire in a Cuamper 6.0 Ix. Deep 


Equation [15] as 


'min = Tf, vV 2 


which is the same as that obtained in the case of no swirl in the 
flow. The core of solid-body rotation has an angular momentum 
which is less than that of the fluid outside of the core. Therefore, 
most of the axial outflow of fluid must occur near the outside of 
the leaving stream in order to accommodate the total angular 
momentum in the body of fluid outside of the core. This behavior 
of the leaving stream does occur, and the axial velocity is much 
higher near the outside than near the center of the leaving stream. 
A nonuniform axial velocity for a given flow over a given cross- 
sectiona! area represents a greater flow of linear momentum than 
a uniform velocity. Therefore a nonuniform axial velocity over 
the vena contracta would in itself tend to increase the radius of the 
vena contracta over that given in Fig. 2. However, the radial 
pressure gradient over the bottom of the control volume is not as 
great for real flow as for inviscid flow. Therefore from the dis- 
cussion given previously, the net axial pressure force over the 
bottom plate in the interval r, > r 2 r, is greater in the case of 
real flow with a smaller radial pressure gradient. A greater net 
axial pressure force would in itself tend to decrease the radius of 
the vena contracta under that given in Fig. 2. Hence we have 
two phenomena in real flow that tend to cancel their separate 
effects on the size of the vena contracta. However, wall and 
internal fluid friction alter the pressure distribution in a different 
way over each end of the control volume. Therefore the axial 
pressures over the entire top and bottom surfaces, and not only in 
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Fic. 4 Heap-Loss Coerricient; Data on 3.0-In. Extension oF 


Exuavust Pipe 1x a Cuamper 6.0 In. Dezr 
net axial force 


r,, Will contribute to the 


the interval r, 2 r 2 
Finally, the tangential velocity head at r, is smaller in real flow 
than in inviscid flow due to the loss of angular momentum in wall 
friction. 


In the discussion between real and the dif- 
ferences may have little effect on the head losses for the two flows, 


The entire 


inviscid flows some of 
whereas other differences may have a large effect. 
problem of real flow through the vortex chamber becomes very 
complex, and we turn to some experimental results for compari- 
son with the theory. 
fact from the two cases analyzed for inviscid flow. 

An examination of Fig. 3 reveals that as (a,/a,)*? approaches 
zero, the difference between Equations [16] and [20] becomes 
equal to (r,/r,)* — 1. If we examine the physical nature of the 
flow as the inlet-port area a; approaches zero, we see that this be- 
comes the case of a amall jet discharging into a reservoir having a 
wall area which is large compared to the area of the jet. In this 
case all angular momentum of the inlet stream is dissipated in wall 
friction near the radius of the inlet. Hence, we would expect the 
head loss for the flow of a real fluid to approach the head loss 
given by Equation [20] as (a,;/a,)* approaches zero; i.e., the total 
head loss for the flow approaches one inlet-velocity head. It 
should be noted, however, that the percentage loss of angular 
momentum at the outside wall of the cyclone is probably a func- 
tion of the ratio of the wall shear force to the momentum of the 
inlet stream. Consequently the ratio of the wall area to the inlet 
area may become important for determining the head loss as the 
inlet area approaches zero. 


Before doing so we may see one additional 











The Synthesis of Four-Bar Mechanisms 
by the Method of Components 


By J. HIRSCHHORN,' SYDNEY, N.S. W., AUSTRALIA 


The synthesis of four-bar mechanisms based on the vec- ys 
torial representation of links in complex form was first 
suggested by S. Bloch.? His work was further developed 
by R. Beyer* and N. Rosenauer.** These kinematicians 
investigated the synthesis of the four-bar mechanism {ior 
prescribed instantaneous angular velocities and accelera- 
tions of the three moving links. This paper presents a 
somewhat different approach to the problem, in that the 
vectors are being resolved into Cartesian components. 
This method permits the synthesis for prescribed conii- 5 
tions concerning angular velocities, accelerations, aid Vu. 
lengths of links. The author believes that the simpler haute hare oe _ / 
treatment will make this method more readily acceptable wie ‘ a 

3. l(a) ConricuratTion Diacram 





to engineers. 


The configuration, velocity, and acceleration diagrams of the 
four-bar mechanism shown in Fig. | are defined by the following 


vector equations 
Configuration diagram, Fig. I (a 
Velocity diagram, Fig. 1(b 
Acceleration diagram, Fig. 1 (¢ 


By resolving each vector into components In the directions of 
the x and y-axes these vector equations in be replaced by six 


algebraic equations 


Senior Lecturer in Mechanical Engineering, New South Wales 
University of Technology 

‘On the Synthesis of Four-Bar Linkages,"’ by 8S. Bloch, Bulletin 
of the Academy of Sciences, USSR, 1940, N1, pp. 47-54 

Gelenkvierecke mit vorgeschriebenen Geschwindigkeits- 
Jeschleunigungsverhaltnissen,”"’ by R. Beyer. Getriebetechnik, vol. 11, 

1943, pp. 193-195 ‘entripetal-acceleration components 
‘ ‘Gelenkvierecke mit vorgeschriebenen Grdast- und Kleinstwerten : enn pcg 
der Abtriebswinkelgeschwindigkeit,’’ by N. Rosenauer, Getriebetech- 

nik, vol. 12, 1944, N1 ntial-acceleration components: 

‘*‘Complex Variable Method for Synthesis of Four-Bar Link- “i 2 ’ 
ages."’ by N. Rosenauer, Australian Journal of Applied Science, vol Se ; 
5, 1954, pp. 305-308 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 25-30, 1956 These equations contain 13 variables 
of THe AMERICAN Society oF MecHANICAL ENGINEERS. : ; ' =p 

Discussion of this paper should be addressed to the Secretary, The projections qz and qy of the driving link 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1957, for publication at a later date. Discussion re 
ceived after the closing date will be returned velocity w,, and angular acceleration a 
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qw,_*, (ase 


ACCELERATION D 


locity w,, and angular acceleration a 
The projections r, and r, of the connectin 


w,, and angular acceleration a,. 
The length of the fixed link, p 
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With the aid 


these variables are prescribed may be solved either directly or by 


these equations, problems in which seven of 
the method of “‘gradual approach 

Length 
instantaneous angular velocities and angular 


Case A. The following particulars are prescribed: 


of the fixed link: 


accelerations ol! 


the driving and driven links; length and position 
of either the driven or the driving link 


The procedure to be o itlined applies to the case where the 


driven member are prescribed. A 


length and position ol the 


ised in the second case, where the 


similar approa n 
driving link is spe lagnitude 


Data: 


and position 


Fixed link 

Driving link ngu velocity w, 
Driven link und position ¢ 
angular Veiocit\ T lia acceleration a, 

with Eq 


Solution juation (1 


Equatior ‘ tr juat 3] the following eq 


tained in whiuct i al re expressed 


the preset 


From kg jation 


reduces t 


8765w,? 104.2594 


by Equation 


104,25 


= 2.85 

Case B. The follow 

fixed Unk instant 

erations oF; the ar 
Ing and position 

strated in the folk 

ength of t! 
prescribe 


nverse prot 
iV pr 


ir velocity w, 
Solution 


In this case 


quantities would final 


thus making ad\ 


live 
nuvIONn 


:, /8, ar 
A This ste pi 
are plotted against 
ct results may be re ud 
ig 
The me 


Driving link: 
Driven link 


Table shows the approach 


be seen that the required value of , 4/3 will be giver 


two values of g,, one between 0 and +0.5, the other betwee 


and 1.5 
There 


are, therefore, two m inisms which satisfy 








scribed requirements of p, q, w,, @,, 
one of these gives the correct position ¢,. 


The final results are given in the following, and the two mecha- 
, 


nisms are shown in Fig. 2: 
Mechanism | 
= 0.38 in. = 1.97 in 
40 in = 3.08 in. 
5 O4 in 


in. = —1.72 in 00 in 


9 
2 

in. =—1.55in. 1 3.89 in 
4 


in. = —3.27 in 09 in 


Case C. A four-bar mechanism is to be designed to give pre- 
scribed instantaneous values of angular velocity 
acceleration of the three moving links, 

This problem has been solved by N. Rosenauer** by the 
method of ‘‘complex variables,’’ and its solution by the 
ponent method”’ is presented only for the sake of completeness. 

Solution: The method of attack consists in the progressive 
elimination of the unknown quantities from Equations [1] to [6] 

Example 3. 
quirements: 


Fized link: 


and angular 


“com- 


The mechanism shall satisfy the following re- 


Length p 


Driving link: w, = 10 rad/sec, a, = 0 
Connecting link: w, = 2 rad/sec, a, = 15 rad/sec* 
Driven link oy, = § sec, a, = 10 ra i/sec? 


From Equation 


w,, a, and tan ¢,, but only 


Equation 
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From Equation [2] 


From Equation [3] 

104, 
From Equation [4] 

109, 
From Equation [5] 


100g, + 4r 


= 
From Equation [6 


100g, + 4r, — 15r, 
In the first step q, is eliminated. 


b] combined with Equatior 


Equation ! 


Equation [b ibined with Equation 


Or S _ 
in ~+ 15r, = 


This reduces the system to five 
[h] containing five unknown quar 
Next, 8, is eliminated 


Equation combined with Eq 


100g, + 4r, —r, 


¥ 


Equati mn 


combined with Equation 


The field has been reduced to four Equations 


rn 


k] containing the unknown quantities ¢,, r,, 7 
The next quantity eliminated is r, 


Equation [i] combined with Equation 


2400q, + 8lr, = 590s, 


Term s 


Equation [a] combine 


, is eliminated by the following steps 
i with Equation [/] give 


1810q, — 509r, = —500p 
Equation [d] combined with Equation [/} give 
12209, — 155r, = 0 


Term r, is finally eliminated by combinir 


n}, giving 


‘1 IH) 








A New Method to Measure Prandtl Number 


and Thermal Conductivity of Fluids 


By E. R. G. ECKERT* anv T. F 


A new method is described by which the Prandt] num- 
ber and indirectly the thermal conductivity of fluids can 
be measured. The method is based on the fact that a well- 
established, unique relation exists between the Prandtl 
number and the recovery factor for laminar high-velocity 
boundary-layer flow. The test setup is described which 
has been devised for such measurements, and test results 


are presented for air at atmospheric pressure and tem- 
peratures between 60 and 350 F. 


INTRODUCTION 


HE Prandt) number is a 
which is of importance in high-speed fluid mechanicsand in 


dimensionless property value 


convective heat-transfer processes. In the past no attempt 
has been made to measure it directly, but it was calculated from 
other properties by which it can be expressed according to the re- 


lation 


u viscosity specif eat at constant pressure, & thermal con- 
a method by 
This method 
was proposed several years ago by the senior author.‘ Acting 
upon this suggestion, an apparatus was built by Seban, Scesa, 


ilties, however, made corrections to 


Ls 
ductivity). The purpose of this paper is to describe 


which the Prandtl number can be measured directly 


and Levy (1).* Design diffie 
the measured results necessary, which were estimated by the 
authors to be of order The results of messurements 
been obtained in the meantime by the junior 


per cent. 
on air which have 
1\ 47. 


author with a erent design are presented here. 


Meruop 


Any method for measuring property values has to be based on a 
relation which contains, in addition to the property sought for, 
only quantities which can be measured readily. For thermal and 
dynamic properties such relations are usually obtained by an in- 

! Publication from the Heat Trarsfer Laboratory, University of 
Minnesota. Financial support by the Graduate School of the Uni- 
versity is gratefully acknowledged. 

? Professor of Mechanica] Engineering, University of Minnesota. 
Mem. ASME 

4 Assistant Professor of Mechanical Engineering, University of 
Minnesota. 

‘For instance, at the luncheon talk, “Problems and Progress in 
Aircraft Heat Transfer,"’ given to the Heat Transfer Division of Tur 
American Socrery or Mecuanicat Enciveers at Atlantic City, 
N. J., November 4, 1951. 

* Numbers in parentheses refer to Bibliography at end of paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 25-30, 1956, of 
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Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1957, for publication at a later date. Discussion re- 
ceived after the closing date wil] be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, February 9, 1956. Paper No. 56—A-32. 
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tegration of Fourier’s or Navier-Stokes’ equations for 


The well-known method of 


certalr 
geometries and boundary conditions. 
measuring viscosity by the pressure drop which a fluid experiences 
in flowing through a capillary tube, for instance, is based on Pois- 
son’s solution of the Navier-Stokes equations. There are several 
such solutions available which contain the Prandtl number and 
which, in principle, can be used for a measurement of this prop- 
erty. One which looks especially attractive from an experimental 
viewpoint is offered by the relation describing the temperature 
which a flat plate assumes in high-velocity, steady, two-dimen- 
sional flow when it exchanges heat with the fluid only by convec- 
tive heat transfer. This temperature, which may be referred to as 
described by 4 recovery 


the recovery temperature (,, is usuall 


factor 


i, static, {, total temperature in the flow at sufficient distance 


from the plate The value for this recovery factor was for the 
first time calculated by E. Pohlhausen (2) by an integration of the 
laminar boundary-laver equations assuming that the properties 
appearing in these equations can be considered as constants. It 
was found that under these conditions the recovery factor is a 
function of Prandt!] number only. A. Busemann pointed out that 
for Prandtl] numbers between 0.5 and 5, this relation, which is 
tabulated in Pohlhausen’s paper, can be expressed with very 
good accuracy by the simple expression 


r= Pr’’?, 


In the meantime these calculations have been checked many 
times and were extended to study the effects of a pressure varia- es 
tion in the flow along the surface, of surface curvature, and of 
property variations (3, 4, 5, 6, 7, 8). Also, the validity of the 
boundary-layer equations which were obtained by L. Prandtl by 
an order-of-magnitude argument from the Navier-Stokes equa- 
tions has been well established. Therefore, the temperature re- 
covery may be considered as an effect which is very well known 
today and Equation [3] may be used to determine the Prandtl 
number by measuring the recovery factor. In principle, only 
temperature measurements are required according to Equation 
[2]. However, since a measurement of the static temperature in 
a high-velocity flow is very difficult, it is advisable to transform 
Equation [3] by the introduction of the relation 
y 


(4) 


defining the total temperature t, (obtained by adiabatic decelera- 
tion of the flow with velocity V in a fluid for which the specific 
heat can be considered as constant in the range between ¢, and 
t,). In this way, the working relation 


t,- 
Pr'/t = 1 — + 
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is obtained; it connects the Prandtl number with quantities 
which can all be measured readily. 

It may be advisable to review the conditions for which Equa- 
tion [5] is valid. The relation holds for laminar, steady, two- 
dimensional flow of the boundary-layer type (i.e., with suf- 
ficiently large Reynolds number) with constant velocity V of a 
fluid with constant properties over a smooth flat surface which 
exchanges heat with this fluid only (no radiation and heat 
sources or sinks below the surface). The constant-property con- 
dition can be approximated by making the velocity reasonably 
smali, and the degree to which this is necessary can be checked 
with tae help of relations available for fluids with variable proper- 
ties (7, 8). 

It hus been mentioned before that the Prandtl number has been 
calculated in the past with Equation [1] from the values for vis- 
cosity, specific heat, and heat conductivity. The accuracy with 
which the Prandtl number is known depends in this way on the 
accuracy of information on the other properties. For gases, 
measurement of the heat conductivity causes great difficulties, 
and this is reflected in the limited present-day knowledge of this 
property. The results of measurements which have been pub- 
lished recently deviate, even for air, in a temperature range be- 
tween 60 and 600 F by approximately 4 per cent. The methods 
used for these measurements are based on Fourier’s equation 
which describes heat flow through a stagnant gas body. 

The one quantity which causes the main difficulties in these 
measurements is the heat flow. Because of the low heat conduc- 
tivity of gases, it is impossible to keep heat losses small. At higher 
temperatures the radiative heat exchange between the surfaces is 
especially troublesome. In addition, natural convection currents 
have to be avoided. All these sources of error are radically re- 
duced in the present method for the measurement of Prandtl! 
numbers, because it employs a high-velocity flow in which the 
convective heat transfer is large and in which heat losses easily 
can be kept small. Hence it can be expected that heat conduc- 
tivities of gases calculated from measured Prandtl numbers will 
be more accurate than the directly measured values. This con- 
clusion also is based on the fact that viscosity and specific heat 
are known with considerably better accuracy than heat-conduc- 
tivity and will be borne out by the results presented later on in 
this paper. 

Test Setup 

Fig. 1 shows the apparatus which has been devised to fulfill the 
conditions required for the use of Equation [5] and to permit the 
necessary measurements. The test setup is designed for Prandtl- 
number measurements in gases. The high-velocity flow is gen- 
erated by the expansion of the gas in a rotationally symmetrical 
nozzle a. The nozzle diameter is only 0.4 in. This makes it 
possible to work with relatively small amounts of gas in an open 
system. A field of uniform velocity is in this way set up in the 
conically shaped region b. The surface on which recovery condi- 
tions are to be established is the surface of a thermocouple c 
which is strung coaxially through the nozzle. Its one junction d 
reads the recovery temperature ¢,, the second junction e, the total 
temperature ¢, in the gas stream since it is located in an area where 
the gas velocity is low. This arrangement has the advantage that 
the temperature difference ¢, — t, which appears in Equation [5] 
is indicated directly. 

The total temperature which also is required is measured by 
another thermocouple f, the other junction of which is placed in 
melting ice. Radiation errors are kept small by radiation shields 
g, h, and ¢ and by guard heating of the walls k of the vessel up- 
stream of the nozzle. Heat conduction along the thermocouple 
is minimized by choice of low-heat-conductivity material (man- 
ganin-constantan) and of a smali wire diameter (0.018 in.). The 
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joint d is carefully butt-welded and reworked to the wire thick- 
ness. This, together with the length dimension of nozzle and wire 
to junction d and with the fact that the wire is led through the 
nozzle into a region of low velocity, insures laminar boundary- 
layer flow along the wire up to and beyond junction d. On the 
other hand, the flow condition upstream from the cylindrica! 
nozzle section does not agree with the flow assumed in the 
derivation of Equation [5]. A calculation of the development of 
the boundary layer along the wire as the flow approaches the 
nozzle and through the convergent-nozzle portion showed, how- 
ever, that the boundary layer at the junction d is still quite thin 
compared to the wire diameter. The calculations in reference 
(4) show also that the recovery factor in accelerated flow devi- 
ates very little from thg value at constant velocity. This insures 
that the influence of the accelerated-flow region on condition at 
junction d is negligibly small 
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Equation [5] requires additionally the knowledge of the velocit 
V outside the boundary layer along the thermocouple wire. This 
velocity is obtained from two pressure readings and the total- 
temperature measurement. One pressure is measured at location 
chosen so that the kinetic energy of the gas is negligibly smal! 
This reading, therefore, is identical with the total pressure p, 
The pressure is also read in the large space surrounding the gas 
jet behind the nozzle. This pressure determines with a slight 
correction the static pressure p, in the jet at the cross section 
of junction d as long as the flow velocities are subsonic. It 
was also carefully checked that the expansion of the gas in the 
nozzle from pressure p, to p, is isentropic. In the temperature 
and pressure range in which the measurements described in th: 
next section were carried out, the gas could be considered as an 
ideal one. Therefore, the following relation was used to calculate 
the velocity parameter in Equation [5] 


=z -n[-(2)"] 


with 7 representing the ratio of specific heats at constant pressure 
and volume. 
A storage-type heat exchanger is used to heat the gas to the 
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required temperature. It consists of a ceramic matrix m packed 


into the vessel upstream of the nozzle. The matrix is electrically 


heated prior to the tests. During the experiments gas from a 


storage bottle is blown through the matrix and in this way 


heated to a temperature which was found to be locally, and 


during a period approximately one minute timewise, very 
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The State Principle—Some General 


Aspects of the Relationships Among 


the Properties of Systems 


By S 


An independent generalization, here called the “State 
Principle,” is necessary for the development of thermody- 
namics. Previously, this principle has been either tacitly 
assumed, or at best stated incompletely. A discussion and 
explicit formulation of this principle are given. The Phase 
rule is deduced from the State Principle and certain re- 
lated empirical information. In this derivation no ref- 
erence whatsoever is made to the First Law or the Second 


Law 


means for counting the number of components in the 


of Thermodynamics. A new, simple, systematic 
phase rule, which has no known exceptions and which 
does not rely on either advanced thermodynamics or the 
First and Second Laws, is presented. Examples of its use 


are included. 
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After 


formulation of the state principle, further definitions are given 


state and property than previously has been available 


make possible a new, accurate, simple deduction of the 


phase rule. These new definitions also provide a simple and pre- 


cise means for counting correctly the number of components to 
be used in the phase rule. Detailed analysis of systems more com- 
plex than those governed by the phase rule, and combined ap- 
plications employing the First and Second Laws together with the 
State Principle are omitted from the present paper owing to space 
linsdtations 
In the foll 
all remarks apply only within the domain of conventional macro 


wing discussion it should be understood clearly that 


scopic thermodynamics. This means that we do not conside 
any relativistic effects nor rely on any statistical calculations 


This does 


not mean that the relations between properties are unaffected | 


based on assumptions concerning molecular models. 


molecular structure; on the contrary, the differences between 
various substances are due entirely to differences in molecular 
But it 


‘on the phenomenological aspects of the behavior. 


does mean that we choose to focus attentior 
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selves to situations of complete equilibrium, but we make the 
foregoing remarks to retain all possible generality. 


TERMINOLOGY—PROPERTY AND STATE 
The usual pr cedure in giving a statement of a principle is to 
define certain key terms which are then used in stating the 
Usually, these key terms cannot be defined with a 
The whole process is then one which 


principle. 
satisfactory degree of rigor. 
starts from vague qualitative notions based on physical percep- 
tions and proceeds by a stepwise process to a condition of relative 
exactitude embodied in certain quantitative relations between 
One of the real problems in the present 
and 


well-defined symbols. 
case is that the two key terms employed, namely, 
have been defined only very loosely, even more 
An attempt is therefore now 


state” 
“property,” 
loosely than is usually the case. 
made to improve these definitions. 
The concepts of property and state are inextricably connected 
There 
Define 
either property or state and use the definition in turn to define the 


Either can be defined quite easily if the other is known 
are, therefore, five possible courses of action open: (1 


other; (2) assume that either one is known intuitively and use it 
to define the other; (3) define both together by successive stages 
4) define both at once; (5) define each in terms of the other. Of 
these alternatives, (4) and (5 
In addition, there appears to be no adequate defini- 


are logically fallacious, and (3) is 
undesirable 
tion for either state or property alone. The only remaining course 
of action open, and it is not an altogether satisfactory one, is to 
assume that either state or property is known and then to define 
In this case we shall assume that we 
We then 


the other in terms of it. 
understand the term property in its general significance 

define a class called “primary property’; it in turn 
Finally, the definition of state is used to define 


is used 
to define state.’ 
our final and useful class of properties called ‘“‘macroscopic.”’ 
The first step in this process, which must never be omitted 
For 
the sake of clarity we will take as the system, for the moment, an 
at rest with 


under any circumstances, is the specification of the system. 


arbitrary amount of pure liquid water, in equilibrium, 
respect to the observer, and in the absence of effects of external 
fields,’ capillarity, motion, and fluid shear. By well-established 
procedures we can measure the pressure, temperature, mass, and 
volume of this water. We also can measure, if we choose, such 
things as its surface area, elevation with respect to the earth, and 
Evidently, the number of such things that we 
We might heat the water or 


acoustic velocity. 
can measure is indefinitely large. 
compress it until the temperature and pressure had changed sub- 
stantially and then repeat all of the previous measurements 
After each of many observers has made many such measure- 
ments, which is our present status, we would discover that not all 
of the values determined were independent. That is, if we estab- 
lish, say, the pressure, temperature, and mass of this system, its 
color, thermal conductivity, acoustic velocity, volume, and an in- 
definitely large number of other measurable quantities are fixed. 
Since, in this system, the observer is stationary with respect to 
the system and there is no effect of gravity, the velocity and eleva- 
tion of the system relative to other co-ordinates, say, the earth, 
are not fixed. Similarly, the external surface area of the system 
is not fixed. 
are measurable characteristics of the system. 

This discussion suggests the definition of a subclass which we 
A primary property is any prop- 


Nevertheless, velocity, elevation, and surface area 


now call “primary property.” 
erty of a system which satisfies the following three conditions: 

1) At any instant it has a quantitative numerical value; (2) it is 
defined without use of statistical calculations applied to molecular 
models; (3) it is defined and its value can be found by the type of 


experimental measurements described in the foregoing. It is to 


7 Electricity, magnetism, gravity. 
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be clearly understood that the particular empirical observations 
just described form an example rather than a definitive procedure 

Using the definition of primary property just given, we can now 
form an adequate definition of state as follows: ‘‘When a sufficient 
nutaber of primary properties are fixed so that in addition an in- 
definitely large number of other primary properties of the system 


are fixed, the state of the system is fixed.’’ Using this definition of 


state we now define a new class called ‘‘macroscopic propert 

Any property which satisfies conditions (1 

tion of primary property and which is 

fixed, is called a macroscopic property 

the term macroscopic property will 

property in the remainder of this paper 
It is to be noted that, in the entire foregoing 

‘property of the system,” in contradistinction 

It is this that give 
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of the system of pure water discussed 
modynamics is the analysis of systems 

the properties of systems that we need. 
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that is, an operational definition is given a priori and without an) 
reference to the concept of state. This is not true of energy and 
entropy. Both logically and historically they are defined in terms 
of the concept of state utilizing the First Law and the Second 
Law, respectively. It is noted that in both of these definitions 
what is shown is not that energy or entropy is an observable char- 
acteristic but that they are fixed when state is fixed. Considerable 
discussion has been held between the authors and with colleagues 
on whether entropy, energy, and certain other quantities are ob- 
servable. But, in actuality, this not only depends on the exact 
interpretation given to the word ‘‘observable,”’ but it is also ir- 
The point is that primary properties are defined opera- 
and without 
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tionally in terms of laboratory measurements 








MARCH, 1957 
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system, the property has the same value in the system itself and in 
all its subsystems. 

Extensive property. A property of a homogeneous system is 
extensive if its value, for fixed values of all the intensive proper- 
ties, is proportional to the mass of the system. 

Phase. Any part, or parts, of a system in which all intensive 
properties are identical in both kind and value is called a phase of 
the system. The existence of a phase is independent of the amount 
of mass in the phase, and a given phase may exist in any finite 
number of distinct parts. 

Intensive property of a system. A property of the type of system 
governed by the phase rule is intensive if, and only if, it is an in- 
tensive property of any of its phases. (Thus in the case of several 
phases the density of each is an intensive property of the system.) 

Intensive state. When all intensive properties of a system are 
fixed, its intensive state is fixed. 


Component. A set of components of a system is a set of chemi- 


cals, each of known chemical formula, from which the system in 
any of its states can be prepared, using a mixing procedure which 


is specified. Any member of any set of components is called a 
component of the system. 

The following definitions are new, but, as will be demonstrated, 
they are necessary to a careful treatment of the phase rule. 

Simple system. A system is simple if (1) it is homogeneous or 
consists of a finite number of homogeneous parts in contact 
(2) it is in equilibrium; and (3) external fields, capillarity, motion, 
fluid shear, and anisotroyiic stress are absent or of negligible effect; 
a simple system may be either open or closed. This is merely a 
name for the class of systems to which the phase rule applies and 
for which most existing tables have been prepared. The utility of 
such a name is obvious. 

Independent, and determinate set of components. 
ponents is independent if the mixing procedure permits addition to, 
and withdrawal from, the system of each member of the set alone 
in such a way that all of the states thus preparable are states of 
the system as specified. A set of components is determinate 
if the mass of each member required to prepare the system, under 
the mixing procedure, is fixed when the state of the system is 
fixed. 

Free simple system. A simple system is free if (1) it has a set of 
components that is both independent and determinate, and (2 
when its intensive state is fixed, the mass ot each phase is variable 


A set of com- 


independently. 

A full understanding of the operational significance of each of 
the three preceding definitions is of great importance in proper 
use of the phase rule. While they in no way relieve the individual 
from thinking, they do make easier and more accurate the ap- 
plication of the rule. The best way to grasp their significance is 
through examples. For this reason two are included in the 
following. 

To these definitions we append for clarity the following com- 
ments: 


(1) It is readily shown that the ratio of any two of the exten- 
sive properties of a homogeneous system is an intensive property. 

(2) Not all properties are necessarily either intensive or ex- 
tensive, but for homogeneous systems most properties of physical 
interest belong to one or the other of these two classes. 

(3) The intensive state of a simple system is not the same thing 
as its state. When state is fixed, intensive state is fixed, but the 
converse state is not in general true. This appears plainly from 
the definition of the free simple system in which, when the in- 
tensive state is fixed, the state is still variable by varying the 
masses of the phases. 

(4) For any free simple system all sets of components that are 
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both determinate and independent have the same number of 
members; we shall denote this number by C.* 


In regard to the need for these new definitions, it will be shown 
by counter examples that the phase rule will not necessarily pro- 
duce correct answers unless we are dealing with a simple system, 
and each of the three conditions implied, respectively, by use of an 
independent list of components, a determinate list of components, 
and a free system is fulfilled. In this sense these three definitions 
are logically necessary to the statement of the phase rule. The 
authors have attempted to reduce them to less than three defini- 
tions, but these attempts have failed, and it is our present 
opinion that each of the three conditions, in effect, bars out a dis- 
tinctly different kind of a difficulty in use of the phase rule; hence 
The 
authors recognize also that the conditions required by use of a 


determinate list and an independent list have been understood by 


it is unlikely that any further reduction can be realized. 


most chemists for a long time; however, the rigor with which this 
understanding has been applied often has left much to be desired 
This all teo frequently meant that only a sophisticated chemist 
“skilled in the art” could obtain proper answers. These new 
definitions minimize the hueristic aspects by giving precise ex- 
plicit tests. The definition of free system, on the other hand, 
covers certain rare cases that have troubled even the chemist i 
the past, and it would appear that no scheme for systematic treat- 
ment of this difficulty has been published previously. It is the 
authors’ belief, based on teaching experience, that these new 
definitions make the use of the phase rule easier to grasp and more 
accurate in application both for the chemist and for the engineer 

We shail now write down the Phase rule: For any given free 
simple system, the maximum number of independent intensive 
properties F is given by 


F=C+2—P 


where C is the number of items in a list of components that is both 
determinate and independent and P is the number of phases 

Next we shall deduce this result from the following premises: 
(a) the State Principle, (b) the foregoing definitions, (c) the em- 
pirical fact that for any free simple system having one or more 


sets of components that are both determinate and independent, 


the maximum number of independent properties n is C + 2 
Note that the information in premise (c) is empirical and is of the 
type mentioned under part (3) of the State Principle as given 
previously. 

The deduction is as follows: For any sin 
number of intensive properties is indefinitely great. 
part (2) of the State Principle, the total number of independently 
variable properties of any kind cannot exceed a maximum value n, 
the number of intensive properties independently variable also 
This latter maximum we denote by F 


ple system the total 
But since, by 


must have a maximum. 
It then follows, from its definition, that the intensive state of any 
simple system is fixed by F independently variable intensive 
properties which we may denote by 7, . rr. We denote the 
masses of the P phases of the simple system by m,...m, 

Since this discussion is limited to free simple systems, it fol- 
lows by definition of this class of system that the mass of each 
phase is independently variable when intensive state is fixed. 
Furthermore, the following argument shows that intensive state 

* This statement can be proved in either of two ways: Examination 
of sets that are not independent and determinate, including the re- 
stricting conditions and internal reactions possible in such sets, shows 
that a theorem can be constructed proving the assertion. It also can 
be proved simply by constructing many examples, all of which will 
show it to be true. Since space does not permit the inclusion of the 
more exact and complex method in the present paper, it is left to the 
reader to construct enough examples to convince himself of the truth 
of the assertion. 
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plus the mass of each phase is sufficient to fix all intensive and 


extensive properties of the m. For each extensive property, 


sive property can be formed by dividing the 


orresponding 


tensive property by > mass of the phase; for example, the 
lume of any its mass yields its specific volume 
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the intensive state of this water it is certainly necessary to give 
temperature, pressure, and elevation; hence F = 3. Here the 


phase rule fails because the system is not simple; an effect of 
gravity is important in this system. It is equally easy to envisage 
systems for which the phase rule will not work if any of the other 
restrictions of the simple system concerning external fields, 
capillarity, anisotropic stress, and fluid shear are removed. 
This naturally leads to the question, can a statement be 
given which specifies n or F for systems more general than those 


to which the phase rule applies? In so far as the authors know, 
no completely general statement is available; however, one some- 
what broader than the phase rule can be postulated. Space re- 


quirements preclude this more general development in the present 
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paper, but the authors hope to include a discussion of this point 
along with illustrations of combined applications of the Stat« 
& PI 


Principle, the First Law, and the Second Law of Thermody- 
namics in a subsequent paper 


CONCLUSIONS 


1 The State Principle is ne essary to the logical dev elopmer t 
of thermodynamics. Its explicit statement is useful in clarifying 
the principle and its underlying concepts 

2 By use of the State Principle and certain new definitions, 
18 simple an 


derivation of the phase rule is obtained which 


‘+ ; 


rigorous and which requires no resort to advanced thermod 
namics or to the First and Second Laws 





Structural Damping of a Simple Built-Up 
Beam With Riveted Joints in Bending 
By T. H. H. PIAN,? CAMBRIDGE, MASS 


A theoretical study is made of the structural damping 
in the bending of a simple built-up beam with thin rein- 
forcing spar caps in which the rivets or screws prevent the 
sliding motion between the cap and the beam. An ana- 


lytical expression of the energy loss per cycle of static load- 


' 


ing is derived in terms of amplitude of load, stiffness of In a prev 
rivets, and tightness of joint. Experimental measure- bending of 
ments on a test beam provide a qualitative verificatign of fastened b: 
‘ the beam are hek he pressures which 
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rigidity of the rivets. To simplify the analysis, it is assumed 
that the rivets are so closely spaced that they can be replaced by 
a continuous shear joint. The shear deformation of the rivets 
varies linearly with the shearing force applied. 

The beam is assumed to be very slender so that the transverse 
shear deformation can be neglected. It is further assumed that 
the thickness of the caps is small in comparison to the depth of the 
beam so that the moment of inertia of the laminated section 


can be expressed by 


Ttotai = I + Ah*/2 . [1] 


I = moment of inertia of beam without caps 
{ = cross-sectional area of one cap 
h = depth of beam 


Following the reasoning given in the author’s previous paper,? 
it is concluded that, for the given beam subjected to a shear 
force F at the end, the shear-force distribution along the plane 
MN between the cap and the beam may be divided into two re- 
gions (see Fig. 1). In the region between M and P the distrib- 
uted shear force is negative and there is a sliding motion between 
the two surfaces. Beyond this region no sliding motion occurs, 
and the shear distribution is the same as that of a solid beam. 

The distributed shear force in the region PN can be deter- 
mined by the elementary theory 


Gg @ FQ T ota! [2] 


where Q is the static moment with respect to the neutral axis of 


the cross section of the spar cap. This is reduced to 


q= F/I + Ad)h. cane 
where 
A = 27/Ah?*. [4] 
The distributed shear force in the region MP can be expressed 
iw 
gz) = qu + a(z). 
where 


qu = limiting friction force per unit length between cap 
beam 
s(z) = shear load in continuous joint per unit length 
xz = distance measured from point P 


By considering the equilibrium condition of the segment ! 
of the spar cap, one obtains 


b 
F(a — b)/(1 + ADh = qyd + PR As dS.ccicae Bi 
if 


In the present case, the relative displacement between the spar 
cap and the beam r(z) is equal to the shear deformation of the 
joint at the point z. If k is the spring constant, defined by the 
distributed shear load per unit length required for a unit dis- 
placement, one obtains 


f 
rz) 
The unknown function s(z) can be determined by the condition 


of consistency of deformation. 
The elongation of the outer fiber for the length z of the beam 


can be written as 


ds) @ Yh (Mh/2EI dz 
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where M is the bending moment on the beam without caps 


is given by 
M = Fia—b (1 os d) T Fr T 


The orrespondir £ elongation of the 


where o(z) is the normal stress in the spar « 
~ 


. 


F(a — b) 
1+A)A | 
J 

The introduction of the condition tnat the elongation of t 

outer fiber is eq ial to the sum of the elongation of the spar 


and the joint deformation, obtained from Equations [7 
’ 


{11] yields 


Differentiating Equation [12] twice produc 


equivalent differential equation 
kh™{1 +X kh 
6 SS oe F 
2EI 2EI 


with the boundary conditions that 
atz =U, 8s 
The solution of Equation [13] is 


s(z) = gull + O/(1 + A)]} [eosh(z/u) — 1] 


” SR 
e= Leth + A 


@ = F/qyh. 


The substitution of Equations [15] into [6] and solution for } 
the region where the sliding motion occurs, gives 


b = wsinh[da/(1 + A + O)y) (1 


In studying the damping characteristics of a built-up beam, it 
is necessary to determine the load-deflection characteristics of the 
beam. Here, the additional deflections which result from the 
sliding motion between the cap and the beam are investigated 
The only difference in the stress distribution between the sol 
and the built-up beam is the difference in the bending-moment 
distribution within the segment MP. The additional moment 
at z of the built-up beam is 


; 


‘ 


z 
AM(z) = [ay + F/(1 + A)A] Az + a f, s(z)dz | 


= gyh[(1 + A + )/(1 + A)] w sinh (z/p) 


Hence, the additional deflection at the tip of the built-up beam 


1s 


1 b b b 
Aé = —| (a— bd) f AM dz + f f AM dr dz 
El 0 0 0 


Substitution of the expressions for 6 and AM from Equations 
[18] and [19] gives 


{20} 
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It can be seen that for smal! values of ¢/u, the expression 
dé 
ga/(1 +X + o)u nh~' ga/(1 + A + O)u 


21 approaches 


1+A+ du} , 
It should be remarked that the load-deflection relation just 

derived is limited tp the case when there is no residual stress in 

the structure. During a process of cyclic loading, residual stress 

exists in the beam and a different load-deflection relation wil 

hold. The effect of decreasing the load after a maximum load AW /cycle = te —— 

F mx has been reached, is to superimpose upon the shear distri- ’ 12EI gyh(1 + X + @)* 

bution at the maximum-load condition a shear distribution re- 


AP )* axa" 


This indicates that, if the rivets of the built-up beam are ve 


sulting from a negative shear force. When the spar cap starts 
to slide from the left end the friction force is in the opposite 


be 


flexible and the amplitude of vibration is not too large, the 


’ a : , energy loss per cycle varies approximately as the third pow 
direction. This shear distribution to be superimposed must wad f : PE : “ 


of the same form shown in Fig. 1, except that the limiting shear 
force is 2gy instead of gy. Therefore, after the reproducible 


of the load amplitude and is roughly inversely proportional to the 
tightness of the joint 
; = ; For large values of @/u, sinh da ] A + )p] is sma 
state has been reached i -yclic loading, the additional beam . fos 
detente ga 1l+A+ dy ne quation [25] the 
ec ssultir 
pressed again b: 
_ AW /cycle = 2( AF) maxgyhpu*a/El 
22) 
: ; : . : : This shows that, if the rivets are somewhat flexible to very stiff 
where (AF) is the amplitude of the alternating shear load. aa : : . 3 
Se oe . : — and the amplitude of vibration is very large, the energy loss per 
It also can be seen that for a very large value of y, i.e., for the . . Sint taal cnidelinesl i the 
~ 4 cycie becomes proporluona! to Doth the load amputude an } 
case where the rivets offer very little resistance, Equation [21] oe . = 
; . tightness of the joint. 
becomes 
- . EXPERIMENTAL INVESTIGATION 
AB AF ) max ee > 
~ @RI(1 + X) (1 — ' i . Description of Tests. To verify the foregoing theory, an 
experimenta] investigation of the effects of amplitude of load and 
This equation is equivalent quation [7] of the previous 
paper.* 
Energy Loss per Cycle of Static Loading. The energy loss per 
cycle of static loading is equal to the area of the hysteresis loop 
of the load-deflection curve. This area is the same as the area ™ 
. 
. 3 enrve shown in Fie 2 m @) a . “te 
of AF versus Aé curve, shown in Fig. 2. In this figure, the SPECIAL FASTENERS 
(DETAIL A) 
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SS 
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| A 
(48) mex 


Hysteresis Loop 


, on , Fic.3 Expermentar Test Setup 
curve a-b-c is represented by Equation [21]. The energy loss 
per cycle of static loading is equal to the area enclosed by the ; . , ; q 
curve a-b-c-d-a, which is equal to twice the shaded area shown ~*~ int tightness on the energy loss in cyclic loading was carried 


in Fig. 2. It can be expressed as out with a simple built-up beam. The test beam was made of 


steel and had a cantilever support, Fig. 3. The cross section of 

AW /cycle = (AF) max( A3)mex — 2 f Af ane Add AP 9,4) the major part of the beam was I-shaped and reinforced on both 
’ ax 0 - \ Ml 7 . 

0 sides by spar caps which were fastened with screws. It was ex- 


By introducing the expression for Ad in Equation [21] a1 .. pected that the sliding motion would occur in the first 4 in. from 


substituting the inboard end of the reinforcing caps, and special fasteners 


shown in Detail A of Fig. 3 were used in this region. The special 

AP wax = 2quhd fastener consisted of a long screw which had enough flexibility 
ois to permit sliding motion between the cover plate and the beam 
The spar caps and beam were joined together with the screws, 

: 4qy*h*uX1 + X + 6) and the nuts were then fastened tightly so that any sliding mo- 
AW/cycle = EI tion between spar caps and beam would cause bending of the 
: screws. The screw joint is used here in place of a rivet connec- 

ion because there is no way to control the tightness and flexi- 


tic 
t 
bility of rivets 





38 


The stiffness of the individual fasteners was determined by 
using a pair of sliding blocks which were held together by a single 
fastener. A shear force was applied to the sliding block, and the 
relation between the shear displacement and the applied force 
was determined. It was found that the stiffness of each screw 
varied between 16,700 and 12,500 lb per in. with an average of 
15,000 lb per in. for various tightnesses of the screws. An 
equivalent joint of continuous properties would have a stiffness 
k of 60,000 lb /in/in. 

The limiting friction between the beam and the plate is a 
function of the tightness of the fastener which is determined from 
the torque applied to the screws. Lap-joint specimens with a 
different number of screws and different tightnesses were tested 
by a tensile testing machine under controlled strain rate. It 
was found that the limiting sliding friction is directly propor- 
tional to the torque applied to the screws and approximately 
proportional to the number of screws per unit length. By refer- 
ring to an equivalent joint of continuous properties, the limiting 
friction gy, was given by 


20 X (tightness of screw measured in torque of 
in-lb) 


Qu(in-lb/in.) = 


The structural damping, in terms of the loss of energy per 
cycle of vibration, was measured by the rate of decay of free 
vibration. 

A 60-Ib lead mass was bolted to the free end of the beam. The 
beam was deflected to one side by string and then released by 
cutting the string. The decay of the beam was obtained from 
readings from a pair of electric strain gages mounted on the 
opposite sides of the beam close to the root. The readings were 
recorded on Consolidated dynamic recording equipment. 

The energy loss per cycle is given by 


AW cycle = KA* uss 2h fz, Zari) 
where 


K = stiffness of the beam; i.e., load per unit tip deflec- 
tion 

An+is2 = amplitude of vibration of the tip mass at n + 1/2 
cycle 

amplitude of the nth cycle of vibration as shown 
by the oscillograph record 


z = 


The amplitude A,,+:2 is related to z,4:. through a calibration 
constant which depends on the location of the strain gages and 
the attenuation of the recording system. 

Tests were run under four different values of screw tightness; 
namely, 2, 4, 6, and 8 in-lb of torque. The equivalent values of 
limiting sliding friction gy, are 40, 80, 120, and 160 lb per in., 
respectively. 

Results of Tests and Comparison With Theoretical Analysis. 
The results of the experimental investigation are presented by 
log-log plots of the energy loss per cycle against the double 
amplitude of the load at the end of the beam for four values of 
screw tightness, Fig. 4. For small amplitudes of vibration the 
energy loss is approximately proportional to the third power of 
the stress amplitude, while for larger amplitudes of vibration it 
is proportional to a lower power of the stress amplitude. Fig 4 
also presents the theoretical solutions obtained from Equation 
[25] for comparison. This figure shows that the experimental 
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results are in qualitative agreement with the theoretical sol 
In all cases, the agreement between the two curves is fair 
the lower amplitude region while the deviation becomes large 
at higher amplitudes. 

The effect of the screw tightness on the structural damping is 
shown by redrawing the test curves so as to produce the single 
plot of Fig. 5. This figure reveals that for 
tion, the energy loss is higher with lower screw tightness, while 
at high amplitudes the effect of screw tightness on the energy 
In fact, at very high amplitudes 


low -amplit ide vibra- 


loss becomes less important 
the energy loss tends to become lower for lower screw tightness 
This phenomenon has been predicted already by the theoretical 
The experimental and theoretical curves are plotted 
The similarity of the 


analysis. 
side by side in Fig 
two families of curves affords a qualitative proof of the foregoing 


5 for comparison 


the« ry. 





Vibration Modes of Stators of 


Induction Motors 


FE. ERDELYI,' ERIE 

The increased emphasis placed on the design of “noise- 
less’”’ machinery has led to the requirements of better 
evaluation of the magnetic attractive forces developed be- 
tween rotor and stator of induction motors, better evalua- 


7 


tion of stator response to such forces, and better evaluation 


of the sound waves radiated by the vibrating stator 


frame. This paper treats the crucial phase of the prob- 
lem, determining the vibration characteristics of two con- 
centric shells (stator core inside the stator frame) coupled 
by nonrigid ribs. The vibration theory of such coupled 
structures is developed and the theoretical results are com- 
pared with the experimental measurements obtained for 


The 


Parts 1 and 3 of the problem, deter- 


a 30-hp, 3-phase, induction motor. agreement is 


within 7 per cent 
mination of the airgap force waves and of the sound radi- 


ated, are discussed in separate papers. 
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outer ring (o), supports (s), ribs (r) have the following lengths L 


the z-direction (into the plane of the p 


L; = 5.75, L,=L 
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The dimensions 
R = 7.89, 


nes of the ou 


the radii of the structural center 
Although the structure of the outer ring is 
irregular because of openings for access and 


denote 
inner rings 
better 


ventila 


» ends for rotor sup- 


end shields with bearing supports at the tw« rotor su] 


port, and departure from circular cross section for structural 
purposes, it will be regarded nevertheless as a uniform, thin- 
walled, cylindrical structure. The same approximation also has 
been made for the inner ring. For this component the approxi- 
mation is, of course, less drastic. The “structural 
outer ring, inner ring, upper and lower 
used in the strain energy expressions are 


widths of 


ribs of the motor to be 


h, = 031, Ah = 1.1, A, = 


é . UY 


The “‘inertial’’ widths to be used in the kinetic-energy expressions 
hk, = 031, Ay = 1.1, 


These widths enter the formulas of moment 
section area 


Of inertia and 


cross- 


of the various componente. If greater a is desired, dis- 
tinction also may be made between an effective A to be used in 
the area formula and an effective A to be used in the moment-of- 


inertia formula. 


iracy 


However, such refinements will not be con- 
sidered in this paper. 
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Inside the inner ring, supported by bearings at z = —L,/2, 
+ L,/2 is the squirrel-cage rotor.‘ Its outline is indicated by the 
innermost circle in Fig. 1. 

When a balanced, 3-phase supply is connected to the windings 
of the stator, a rotating magnetic flux is created in the air gap. 
This flux induces voltages in the rotor bars. The interaction of 
the currents caused by these voltages with the magnetic flux in 
the airgap manifests itself as a tangential force. The angular 
speed (rps) of the rotation is given by 


n = (1 —s)f/p [6] 


where f is the frequency (60 cps), p the number of pole pairs (1),§ 
and 


s=1—n/n, (n, = f/p) 7] 
the slip of the rotor relative to the rotating field in the airgap. 
For small torque loads s is proportional to the torque. Because 
of the nonuniformity of the flux, rotating, radial, magnetic-force 
waves (1) 


FO, 0) = FP, cos (wt — kb a {8} 


develop across the airgap and set the stator core into vibrations. 
Here F, denotes the amplitude, w, the angular frequency of the 
kth mode of the wave. @ is the distance from a reference cross 
section (the stator top), measured in mechanical radians.* The 


ribs transmit the stator core vibrations to the stator frame. 
The latter attenuates most of the sound pressures emitted by the 
stator core, but generates sound pressures of its own. 
experienced in the surroundings of the motor originates largely 
from these stator-frame vibrations. 

Analytical and experimental methods of determining the 


The noise 


sound waves sent out from the vibrating stator frame are de- 
scribed in (2), and the methods used for calculating the airgap 
force, Equation [8], and the various schemes used for diminish- 
ing its intensity are described in (1). A comprehensive descrip- 
tion of past and present theoretical and experimental approaches 
is contained in (3). In this paper we shall be concerned only 
with the central phase of the problem, determination of the stator 
response to the given exciting force, (9, t).7 


2 Srrain ENERGY or THE System 


The problem of motor-frame vibrations caused by rotating air- 
gap force waves attracted attention of motor designers as much 
as 40 years ago. It was soon recognized tat the proper slot 
combination bears critically on noiseless operation. The paper 
by M. Krondl (4) represents a particulatly enlightening early 
effort in the field of noise abatement. Tle modern approach to 
the problem was pioneered by P. L. Algrr (5), who showed that 
reasonable qualitative results may be vbtained by considering 
the stator core as a thin-walled cylinder of infinite length, excited 
by the airgap force waves in small.amplitude inextensional 
ring modes (i.e., two-dimensional mcdes, independent of z) 
These vibrations, in turn, cause radiation of sound. Jordan (6), 
in Germany, proceeded along similar lines. 

Clearly, disregard of the motor frame to which the inner core 
is coupled implies a crude approximation. Vigorous noise- 
elimination programs more recently instituted have rendered 


‘ Co-ordinate z is measured from the rotor mid-plane 

’ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

* The circumference of the stator comprises 27 mechanical radians, 
2rp electrical radians. 

? The authors are greatly indebted to Dr. R. Plunkett of the General 
Enginec.ing Laboratory of the General Electric Company for stimu- 
lating discussions about the various aspects of the problem. 
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mandatory a re-examination of the vibration analysis of stator 
frame and core. 

Using the notation of Fig. 1, and still assuming small-amplitude 
vibrations (linearized system) and z-independence (two-dimen- 
sional modes), we may write the radial and tangential displace- 
ments of inner and outer rings (represented by their center 
lines) in the form 


cos m@ + D,(t) sin m6 | 


“he calculations are simplified considerably if the assumption 


tensional deformations is made 


dv dé =~, dV /d6é = {10a} 


m 106) 


Since the adequacy of the results is not impaired, the foregoing 
Then, during a deformation, the inner 


and outer rings acquire the strain energies (7) 


EI, ity 
y .2)\,3 d@? ie! 


| 


assumption will be used. 


wT EI 
= = 3.34 <x 10° 
2 (1 — v,*)R? 


The supports of the motor frame are fastened to the founda- 
tion by means of bolting. The bolts provide relatively loose 
attachment (slight rigidity), and the support strain energy may 
be ignored in first approximation (8). For other motors differ- 
ent methods of support may be contemplated, and for this reason 
the Appendix discusses some of the extensions to be made in the 
theory when support strain energy is not negligible. The outer 
ring is joined to the inner rings by two radial and four tangential 
ribs. In first approximation the tangential ribs do not contribute 
restraint (strain energy). Of vital importance, however, are 
the strain energies of the top and bottom ribs, as these are the 


* The accuracy of the analysis may be improved by regarding J;, J, 
under the integral signs as variables in @. Such a refinement will not 
be considered here. In Equations [12] Ei = 30 K 10, —% = 0.3, 
E, = 16 X 10, » = 0.3 denote Young’s modulus and Poisson ratio 
of inner and outer rings; the moments of inertia are 1; = 5.73,], = 
0.592. 
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= 

u 
ay 
‘ at 


M+P2 , 
+PL i, 


Fic.2 Derormation or a Rapiat Ris Unver Actions or 7, P, M 
elements which provide the coupling between inner and outer 
shells. By Fig. 2 a moment M, shear force P, and tensile 
T cause a tip rotation, deflection, and extension of a rib with 
respect to the base 


force 


Tl/EA, 


$8 <X 10, BA, = 345 X 106, 


D, = E1,/( /) = 


The assumption of smal! deflections makes it possible to ignore, 
as is customary, the interaction between bending and stretching. 
On noting the relations converse to Equations [13] 


‘ 


D 


M = ‘| e| — +40 +2y 


D,} J 
Pl = | 12 
iL 


—_— v | 

—- — 6Y — 6y 

I 

we find that the strain energy of the rib may be written as 


1 el 1 
Ua = — [J U— OF += ; f T?dé 


2E A, /0 


Pp? 

= 4 Et + MPI + 4 

DL 3 J 
om, 


9 
y 


oe ( —*)'_ 2" +9) += 
i ‘ . 


EA, 
qu U — %)* 
+ 31 ( 


where 


VY = —dU/Rd6 


: b ie m( A, sin m@ — B,, cos m@) 


2 


= R 


y = —du/rdé = r— > m(a,, sin m@ — b,, cos m@) 
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Expression [16] is to be formed for both the upper rib (intro- 
duce Equations (9), [10], [17] into [16]), using @ = 0, and for the 
lower rib (introduce Equations [9], [10], [17] into [16]), using 
§ = x. The sum of the two expressions will be labelled Uris. 
In contrast to the very simple Expressions [11], where no cross 
products a,a,, a,b, @,A, etc., occur, Urine will contain, with 
the exception of products between even and odd terms, all types 
of cross products. 


3 Eg@vations or Motion 


The formulas for the inner and outer-ring kinetic energies are 
(10) 


K, = 


. 10-7... [19a, 5] 


In the foregoing expressions w denotes the weight per radian of 
the rings, and g The kinetic 
energy of the support and ribs is incorporated in the numerical 
The mass distribution around the periphery 
is assumed to be constant. A somewhat more accurate approach 
is outlined in the Appendix. The Lagrangian equations of mo- 
tion of the system are now given by 


the gravitational acceleration 


Expression {19d}. 


ou ow 
04 


U=U, + Uz, + Urinn, KX 


where 


energy and kinetic 
the f 


y, and ‘W denotes the force po 


are the total strain 

respectivel 
°r 

ee - 0 

w=) FCO, t)u,.(8, td 
— - 


= rF a, cos Wl - rF Dp, sin w,f 


The forces 
= rF, cos Ww, 
23 


=OW/dh, = zF, sin wi 


They 


example, them = 4 


are the generalized forces representing alrgap excitauion. 
are discussed in greater detail in (3 As an 


Equation [205] assumes the form 


My + K ea; + Kuh: + KA: + KuB 
7T K, a, + Kaas , Ky wAs, 7T AK, 


F, sin wt fo 


= < 


0 


\ 
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where M,, Ke, Ku, ... are certain constants of the system. for the even modes, and a similar equation 
It may be noted that the matrix of the equation system is sym- . ae ia 
metric; K,,,, = K,,,, ete. K MAP Kx 
‘ K Ks, — M,i?? 
4 Natural Mopes or VIBRATION (260 } 
The forced response of the system can be calculated best by 
prior solution of the problem of natural modes. This is done 
most conveniently by the Rayleigh-Ritz method. Placing the — oe a 
right-hand sides in Equations [20] equal zero, regarding a,(?), 
b,,(t) of Equations [9] as sinusoidally varying quantities Kes MAM, Ku, Ko, Kos, K 


mOe b in Q - represent the a2@2, @zb2, @2A2, 42B2, a20,, element 
Gn(t) = a, sin 2, b(t) = b,, sin i 251 The literal expressions of the elements are exceedingly 


; . : S +; as an illustration the expressions f 
of amplitudes a,, 6,,, etc., and replacing, correspondingly, *?™*) * 40 Mustration whe expres 
4,,? in Equations [18] by —Q*a,,?, (d/dt)0K/da,, by —22OK /da_,, 
etc., a determinantal equation may be obtained 


are given 
Ur 


K2— MX Ku 


Ky — MX? 
Deven(Q?) = 


TORS O}F 


TABLE l(a) NATURAL FREQUENCIES (CPS) AND EIGENVE* 
. a, 


1(6) NATURAL FREQUENCIES (| 
Ay By as 


1.0000 20372 
20062 
-1.2502 
-.0001 
1.0000 
20001 1.0000 20001 


01291 


~21515 


-.0000 
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testricting each system to 12 equations each (i.e., neglecting a, 


1s, By, as, 


the following natural frequencies f,,, even 


14, Bs, as, bs, As, Be] {m) . [27a] 


[276] 


are obtained for the experimental motor 


The extreme left co Table | 


extreme right column the experimen- 


lumn in shows the theoretically 


obtained irequencies, the 


tally obtained frequencie It will be noted that there are four 


I So 


i modes (i 


secon possibilities fo 


two full waves in aeg 


ill waves in 360 


ling to whether @ = 0 is an antinode (“cosine 


sine mode . and whethe r inner and outer 


in-tact, 1e., in phase , or oppositely 


antiphase). The privileged position 


to the deviation of the shell structures 


abridged subscripts {2}, |4], | 6]. {8}, 
m| are used in place of 2i-, Qis, Zee, Zes, 44 
ve various modes. In other cases, whers 


as in Equation [29], the braces around m 


T'wo-Wave Mopes 


results For simplicity, higher 


Arrows indicate observed loca 

»bserved locations of nodes 
frig = 490 cps [theoretical] 
not found experimentally; 
120 lexperimental). A second in-tact cosine 

tal], illustrated in center diagram also was 
measured 


t experimental } 
10,430 [theoretical } 


barmoniec ripples of mo 
tions of maximum amplitudes, dots indicat 
frie 

retical } 
mentally; fee = 1580 [theoretical] 
cosine mode, fic = 1156 [experimental } illus 


from precise circularity, but almost precise retention of the ver- 
tical axis of symmetry. (The slight departure from symmetry, 
as occasioned by various openings in the frame, explains the 
occurrence of two measured natural modes of the same shape, as 
illustrated by the two frequencies f,;., etc.) The comparison for 
the even modes in Table 2 indicates that for the fundamental 
modes, 8row or even 4-row determinants provide ample accu- 
racy Similar results hold for odd modes 
TABLE 2 
Determinant 
4x4 


8x8 
12 xX 12 


COMPARISON 


Sure 
464 
46) 
460 


OF NATURAL FREQUENCIES 
face 
1164 
1140 


Once the natural modes X,, of the System [24} are known, the 


forced response X to excitation by the generalized force 


a, b: A; B: a, a, 
Fy, sin wf = j0, 0,0,0,0,.. 


A, 


, 0, xF,, 0 
may be written explicitly as [see Reference 


xX: * Xe! 


X3|?% (2, 


5 SZ Fa 


{ \M@," 
f Fy 


M yo,” 


X, * 


> / ; 
X,j* (QQ, w, 


29 


‘© 3 = imaginary partof. For the sake of pen: 
constants of the various modes were also here included in Equation 
{29}. They may be ignored, except at resonance 
force F.s. cos wast involves, similarly, the real part 
Equation [29], with F., replacing Fy: 


rality the damping 


Response to the 


of the brace in 


Fic. 4 


curves represent 


Turer-Wave Moves 
theoretical 1 its For 
es are not shown 


Dashed-line simplicity 


higher 
Arrows indicate 


observed loca 
location of nodes 
Sus = 1225 [theo- 
not found experi- 

A second in-tact 
ated in the center diagram also 


= 1170 eps (theoretical), 1080 eps [experime 
1240 [experimental]; fee = 8200 [theoretical] 
1540 [experimental } 


was measured 
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where (,, are the natural frequencies 
Qeiel = 2tfric), Qi, Quee, Qeee, Quie +. 


X,, the corresponding modes, and c,, the corresponding damping 
constants. < F,,, X,, > denotes the scalar product of the forcing 
function with the m* natural mode 


< Poy hey >= WF bk m} [30a] 
(subscript {m} indicates that the Fourier coefficient 6, belongs to 
mode m) and 


[Xen]? = (as? + be? + Aa? + By? +a +... dm . (300) 


Fie. 5 


is the scalar product of X,, with itself. For simplicity of writing 
it was assumed that F,, sin w,f excites only the even modes. A 
more elaborate discussion of the forced-vibration response is given 
in (3). This is a rather complex subject, because it involves the 
interaction between complicated exciting functions and com- 
plicated mode shapes of the system. Nevertheless, the subject 
is of prime importance in the design of motors. 


5 Comparison Wiru Test Resvtts 


Figs. 3 and 4 illustrate the fundamental component of the 
theoretically derived two-wave and three-wave modes of vibra- 


tion," and the corresponding experimental results. In the ex- 
perimental investigation an electromagnetic vibrator was mounted 
on the top of the motor, as illustrated in Fig. 5. The vibration 
of the stator was sensed by an inertia-operated piezoelectric 
pickup, the output of which was fed through an amplifier to the 
vertical plates of a cathode-ray oscilloscope. Keeping the vibra- 
tor at a resonant frequency, the pickup was moved along the 
rings and the phase and amplitude of the Lissajous figure that 
appeared on the CRO screen observed. At a node, the ampli- 
tude of the Lissajous figure was a minimum and the phase of the 
trace indefinite. Moving the pickup, a phase change became 
apparent, depending on the direction that the pickup has been 
moved. The amplitude of the Lissajous figure increased steadily 
until the position of maximum displacement was reached. This 
procedure was continued until the whole stator had been sensed. 


11 The higher harmonic components add small ripples to the mode 
shapes, without changing their character. 


Excitation or Stator FRAME AND Core 
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The arrows in Figs. 3 and 4 indicate the location of the experi- 
mentally observed amplitudes and the dots indicate the ex- 
perimentally located nodes. 

The instrumentation for the determination of the natural 
frequencies and the location of amplitudes and nodes may be 
regarded as reliable in the frequency range of 400 cps to 2000 cps 
Because of departure from circular symmetry of the shells there 
is some deviation between the theoretical and experimental 
node and amplitude locations. While the tests have not dupli- 
cated all theoretical nodes, in particular the cosine counter- 
tact modes fee, facc, fice Were not observable, and higher than 
third modes were not looked for, the agreement between theo- 


BY ELECTROMAGNETIC 


1 


retical prediction and experimental observation of natural fre 


quencies and node and antinode locations may nevertheless 


be deemed as satisfactory. 
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Appendix 
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Response of Beams and Plates 
to Random Loads 


By A. C. ERINGEN,' LAFAYETTE, IND 


With the use of generalized harmonic analysis the prob- 
lem of vibrating damped beams and plates under stochas- 
tic loading is solved. The resulting equations give the 
cross-correlation functions for displacements, stresses, 
moments, and so on, in terms of the cross-correlation 
function of external pressure. Mean square values of 
these functions are special cases of these results. Using a 
method due to Rice, we also calculate the probable number 
of times per unit time the random displacements or stresses 
will exceed a given value. The case of simply supported 
bars, cantilever bars, clamped circular plates, and simply 
supported rectangular plates are worked out in detail. 


INTRODUCTION 


N many engineering problems the external loads are not 
definitely known. Thus all deterministic analyses based on 
well-defined external loads fall into the category of being 
hypothetical or academic in nature. In almost all instances, 
however, we have some idea about the probability distribution of 
external loads, or at least we can calculate the cross-correlation 
functions of the loads from the data based on experimental meas- 
urement over a long period of time. Having only these correla- 
tion functions, we ask the question: Is it possible to determine the 
cross-correlation functions, hence the mean square values of the 
displacements or stresses? The present paper is aimed at pro- 
viding a partial answer to this question. 
The methods of statistical mechanics have long provided very 
theory of 


successful results in kinetic theory, thermodynamics, 


homogeneous turbulence, random walk, random flight, noise, and 
In the literature we 


Uhlenbeck (1)? h treats the 


the theory of Brownian mction already find 


the work of Van Lear and 


Brownian motion of strings and cantilever beams. Earlier, 


Ornstein (2) and Houdijk (3 
systems having a single degree of freedom we have the Langevin 


treated the same proble ms For 


solution and for a discrete system such as coupled harmonic oscilla 
tors Wang and Uhlenbeck (4) give historical developments in an 
excellent paper. Reference (5) contains (4) and important articles 
such as those of 


theory 
More recently 


in stochastic processes noise 
Chandrasekhar, 8. O. Rice, and others 

articles by Liepmann (6), Press and Houboldt (7 
one of the head- 


we find 
which take up 
the buffeting problem and gust loads which aré 
aches of the aircraft industry. 

In what follows we apply the generalized Fourier analysis de- 
veloped by Wiener (8) to the problem of vibrating bars and plates 


niversity 
end of 
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2 Numbers in parentheses refer to the Bibliography at the 
the paper. 
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ment, and the stresses. 
We also have the method of pl 
probable number of times per unit time, the random funct 
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Rice 4) AVallaDle to pred 


example, displacement or stress) will exceed a given 


i the method preset 


solution of these problems a1 


; 


will throw some light on this very importar 


ForMAI 


Consider a beam or a plate 
transverse-force distribution 


Let 


beam or pz, y,t for 


is of classical type 1s selec 


From the statistical 

knows the cross-correlation fun¢ 
random processes this is indepen 

over the dependence on the time interva 
Hence we may assu 


inte 


rval is large 


tion of pressure is given b 


pix, y, t + T)plé, 7 
6(r) is the Dira 


special iorms tor d 


where 


The differential equat 


V‘u 


ree 


Here 


ordinates; 


is the p 
t, 8, p reduced tin 


transverse pressure which are related to cor 


transve 


lo, damping coefficient 3 


where E£ is Young’s modulu 1¢ thickness, 
density per unit area, g is the acceleration of gravity. Equ 
[4] reduces to the beam equation if one takes EJ for D and 
0/oy = U. 
density and the load per unit length, respectively 


In this case p and py must be int rpreted as the w 


In the following analysis, beam and plate problems are 


* There exist problems in which pressure correlation 
[3] is not acceptable. However, often approximation in 
possible. White noise, Brownian 
fectly random processes are included in [3 


generally 


motion, more 
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as one. For specific case n las are explicitly given. 
We formally try nf A of the type 


ums PP and UU 


> of pressure 


i.fne ‘ . 
lehne pows 


r 


ltoc 


This shows that we need 


Equation [3] which means 


pp> 


The first of Equations ris 





~ 


1 
PP = — dz, y, & 7). 
T 


a 
Equation [24] now gives Q,,,Q,, 


—i~ 1 
QunQre = -f f d(z, y, 
Th Dee A A 
J 


‘al, yV eA, ndA(z, yd ACE, 0) 


§, ») 


[27] 


ai) 


— ~ 
We notice that Q,,,,Q., is independent of ¢. Therefore UU, given 
by Equation [20], when substituted into the second of Equations 
[19] can be integrated with respect to [ by means of contour 
integration. For the case of r > 0, we select the half circle with 
center at O in the upper half of the [-plane, and the real axis as 
our contour. Of the four poles, the two, namely 


The integral vanishes on the 


are located on the upper half plane. 
©. Hence our 


semicircular arc as the radius of the arc tends to 
integral is equal to 277 times the sum of the residues in the upper 


half plane. 


oa 
<uu> = y)VnlE, MQmnQre- - - [28] 


; 2, Mas View th 


mnre 


~ 
where 7’,,,,, is the Fourier transform of UU with respect 


which is obtained by the contour integration described 


or 
=> 
Oman 


(r f-- j 4+ 43?) sin w,,,.7T + 48w cos 
‘ « mn mn me 


, —8r 
7 mare 


oe “eee de ok OmaT 


. 


(An! — Amat + 482)? + (48w,,,)? 


/ 1 ~ 
Wan = (Anat — BN, 7 D0. 
The value of 7’,,,,, for rT < 0 is obtained by carrying out the con- 
tour integration in the lower half plane. The result follows from 
Equation [29] by taking —7 for r and interchanging X,, and A, 

For X,,,4 < 8? the procedure is similar and the expression for 
T ane, contains hyperbolic functions for A,,,4 < 8? and r for A,,,¢ 

8*. However, for higher modes of vibrations the frequencies 
will be large enough making A,,,‘ > 8? for sufficiently large m and 
n. Here we consider the interesting case in which 8 is small 
enough making A,,,‘ > 8? for all m and n. 

Any further computation requires the explicit form of d(z, y, £ 
n). Two special cases of practical importance are given 


d = 4,d(x — £)(y — 7 


— @ i(k = @¢ oly — 


d d.6(x 


Here d; are constants and 6 represents the delta function 


tution of Equations [30] into [27 


, respectively, gives 
_ 
<=: _ d, Tome 


— 
Qn Ors = (d2/tbeandy)V 


In each case, all other components of Q,,,Q,, not given above are 
zero. The first of Equations [30] 
which has infinite correlation at r = £, y = 7 while the second is 
Further special cases 


represents a stochastic load 


a concentrated load at the point (a, b 


are possible. 
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CORRELATION OF STRESSES AND BENDING MoMENTS 
The maximum flexural stresses are given by 


o, = 6M,/h*, o, = 6M,/h* 


al 9 pe,” * 9} 
Te, = 3Q,/2h, Ty = 3Q,/2h 


where M,, M, are the bending moments and Q,, Q 


verse shearing forces. In the classical theory these : 


f 2 
M. « - -D ( = 
or? 


+ yp 


nt to obtain power 8} 
they are given by 


— 


36M ,M,/h* 


PropaBiuity Cau 


With the knowledge available in the present problem it is 


possible to calculate the probability distribution function. How- 
ever, for a distribution symmetrical with respect to time we have 
Gauss’s inequality leading to an upper bound for the probability 
that u u> be greater than some multiple of the mean 
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deviation. In the probler : i> Hence Beams aND PLatres Wits Dirrerent Epce Conprrion 


Gauss's inequality reads Eigenfunctions V,,,(z, y) and eigenvalues A,,, of sever 
es with different edge conditions are listed in 
nd b,,,, are, respectively, equal to g..., Pas 
where P me " t ny < ind ¢@ is the mean ] Here we worx out only the following cases 


fur 
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ilrasekha 


1 and velocity dis- 


ibution. “ e ca ations are also lengthy. Moreover, fron 


the engineering pol view, they are only useful in measuring 


the pressure correlations from the me 


acement ol 
the systems. In engineering systems the transient effect in sta- 
tistical computations occupies smal! valu is such computa- 


tions in the present work are avoided 





L L 

<M, ( —t+r M, ( ~,t) > = (D%d,/2BL)e—*" 
2 2 

(cos war + 

Bocce 


Both Equations [50] and [51] diverge. This is because of the 
delta function appearing in Equation [3] and also because of the 
severeness of the assumptions underlying the classical beam-and- 
plate theory. It is desirable to carry out the calculations for the 
Timoshenko beam theory to ascertain this point. 

Similar behavior occurs for the second case of Equations {30}. 
The situation here is similar to the case of a plucked cantilever 


1 


beam where the classical theory leads to infinite strain. 

For the case of r = 0, z = & by using Equation [47] which is 
the value of o* and Equations [41], [42], and [43] we can calculate 
We find that 


Nof Ug). 


d,L*/68)\(2/L)* 


We again find divergence. Hence in classical beam theory for the 
first case of Equations [30] No(u,) grows beyond limit 
b) Cantilever beam, clamped at x = O 


cos A Ir 


+ cos A,L 


sinh A,z sin Az 
sinh A,L + sin A,L 


a cosh } - 
A(x) = 

cosh A,L 

where \, is the nth positive root of the equation 

cos AL cosh AL + 1 = 0 


We also can show easily that (12 


The two cases correspondalm 


a 


dQ, 


i 


Q.Q, 


The cross-correiation tunction ior 


» 


In the case of r = Oand zs = € = L we are able to perform the 


summation indicated in Equation [55]. For this case we have 


d,/BL)ZA,~* 


in view of Equation Lord Rayleigh (13) gives the value of 


this sum 
ih L, { 


128L [57] 


be calculated 
Since the series is strongly 


The general case for z = & = L, but any 7 may 
approximately from Equation [55]. 
convergent, by taking the first term only, we have 
12BL )e~*" 


<u(L, t + r)u(L, > = (d 
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Here we used the value 1/12 for 1 
makes the value for r = 0 correct. 


A; ‘ instead of 1/12.35, since this 
We also could calculate cross-correlation 


and <M,Q,>, 


c) Circular plates clamped ai outer edge 


u.M,> 


functions 


. by combining Equations [35 


r, 0) = [Je(Anar 


+ BI (AX, 


J Xnnt)/T (Xn 


where Diet is the mth root of 


J neil Xa 
me 


where J, and J, are the Bessel fur 


imaginary arguments, 


respe 


The cross-correlation 


plate. 


Equations [28 


and [59 For t 


for rT > O it reads 


For other points we need to 


iore than 


verges. However, nm 
eptable accuracy. 
The calculation of the ross-corre! 


follows the same line as 


M,.M,>. 


that given in 
The bending moment WM, i 


ol 


Parallel to Eq lation [35 


ae 07 u 
Or? 
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The results of computations of frequencies of axially FREQ 
symmetric flexural vibrations of circular disks are given for 
an intermediate frequency range and for several values of 


Poisson’s ratio. 


f applicability 
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where the constants uw and p are the shear modulus and the 


density. respectively, we find: 


1 For disks vibrating at the same frequency 
larger Poisson's ratio will also have larger diameter 
shows deviations from the case vy = 0.30 for some representative 
ratios of p/p 

2 For disks having the same dimensions, those disks with 
larger Poisson's ratio will vibrate at higher frequencies. Table 3 
shows percentage deviation in frequency from the case vy = 0.30 


lor some representative ratios of d/h 


Such an analysis was found helpful in explaining the frequency 





Forced Vibration of a Body on 


an Elastic Stratum 


By G. B. WARBURTON, 

The paper considers the forced vibration of a body with 
a circular base resting on a homogeneous elastic stratum 
The body is 


subjected to a vertical disturbing force along the axis of 


of infinite surface area and constant depth. 


symmetry. After evaluating an integral given by Arnold, 
Bycroft, and Warburton,’ curves are given showing the 
dependence of the resonant frequency on three parame- 
ters. Good agreement is obtained between theoretical 
values of the resonant frequency and experimental values 


taken from the previous paper.’ 


of Applied Dy- 
Edinburgh. 
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INTRE 


onsiders a body 
f infinite area 

a harmonic disturt 

tion of this force 


nd through the 


extension 





ELastTic sva@aTum 





4 4 , 


RIGID FOuNDATION 


This 18 + 
satisfied for a body 
4 stratum are (a) zero stress at the surfa 
amplitude of displacement of the surface 
flection of waves from the boundaries at infinity = 
assumed that the stratum rests on a rigid infinite foundatior 
that no friction exists between the stratum and the foundatior 
between the circular base and the surface of the 


are not 


stratum 


rigorous! 


lirect stress under the base is assun 


The mixed boundary conditions satisfied 


Instead, the distribution of 


be similar to that between a rigid base and a semi-infinite 


medium for a static load 


Pe'?* the 


Thus for a periodic disturbing force 


durect stress 


for r > Te 
The analysis of the earlier paper* is followed, leading to an ex- 
pression for the displacement w, which consists of an infinite in- 
tegral plus terms corresponding to free waves in the stratum 
The latter terms are added to satisfy the boundary 


onditions at 
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infinity. This solution does not give a constant value for the 
amplitude of w over the range 0 < r < 7m. A weighted-average 
value of the dynamic displacement is defined* by 





rm = wr dr 
wv, = — 
: 9 tre? — r*) 
This leads to the following expression for the displacement 


(Equation [29] of paper*) 


[ Pe! (°° (3% — n*)'/* sin* ags ds 
w, = Re} - as 
Sruro 0 aos I(s) 


Pe'?% (s,2— *)'/*sin? aes, | 
Sure aes, |’(8,) Yl 





* AND f, 


FUNCTIONS 


where s, are the real roots of I(s) = 0 


= (s?— 1/2)? coth ad — ss? — n*)'/*(s* — 1)'/* coth 88 


_ fais) 
" ds 8=8n 
l 


h v 
pro p/u)'/* and n= > = § coe 





This can be expressed as os 0-75 
I FREQUENCY FACTOR @, 
Petr | ae } : 
w, = Re | — 1 Silao, v, R) + ifLao, v, R f «leis a Fic. 2 Functions fi anv fi,» = '/« 
Bro 
-f,-» 0 -f, em AnD £20532 


where R = 5/rp AT a,20 S55 AT, Goo tg 


> 
w. = — (fi cos pt — fz sin pl)....... 
Mre 


By inspection of Equation [3] it is found that the integral 
is real and thus gives f,; the summation gives f;. Equation [5] 
gives the displacement for a rigid massless base; for a mass ms the 


amplitude of vibration of the mass is given by Reissner® as 


a tt |” . 


ie bre (1 + bag*f,)* + (bao*fs)? 


=2 
R= 


R 


f 


where b = me/pro.* 


os 


VALUES OF f; ANT fe 


In Figs. 2 and 3 the functions f, and f, have been plotted 
against frequency factor a» for specific values of R and fory = '/, 
and vy = 0, respectively. Inspection of the integral in Equation 


[3] shows that it diverges at s = 0 if cot (aR) = 0; i.e., if 


ae ee 
wee 


dg = (2n — 1)r/2nR, n = 1,2,3... 


FUNCTIONS 


Only the lowest root, corresponding to n = 1, lies within the 
range of values of a» considered here. The form of functions f,; and 
fz: depends on the value of Poisson’s ratio v. i. aa 
(a)0 <v <'*/s. In Fig. 2, f; and f, are plotted for vy = '/,; Po 
their form for other values of vy in this range will be similar. For y B 
vp = 1/4, fi, > —o as agR — 2.5742 and also as agk — 2.7208; = 
the former is caused by the existence of two identical roots of I(s) 
= 0 for ag = 2.5742, the latter by the divergence of the integra! 
at s = 0 for aR = 2.7208. For the small range of values of a» 
from 2.5742/R to 2.7208/R, the fluctuations of f, and f, have not i i aS ere 1 | F 
been given and f; is shown by a dotted line in Fig. 2. o-as os one 
(b) y = 0. The behavior of f, is similar to that just described; a sree My 
fi > — © as aol? — 2.1582 and also as aR —> 2.2215. The ap- 
proximate form of f; in this range is shown in Fig. 4. Function f, 
is zero for ag < 2.1582/R and varies rapidly in the range 2.1582/R < ag < 2.2215/R, as shown approximately by the dotted lines 
*“Stationire, axialsymmetrische, durch eine schittelnde Mass in Fig. 3. 
erregte Schwingungen eines homogenen elastischen Halbraumes,” (c) "/a<¥< '/y Function f, ~ —@ a8 af -> 4/2; fr is 
by E. Reissner, Ingenieur-Archiv, vol. 7, 1936, pp. 381-396. finite for a, > 0. 


Fic. 3 Functions fi anv fi, » = 0 
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sof 
of - 
‘| 
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—_— . 
6 -—— we oe a 20 
aos 
° 
= i" 
<= 
= 
- dr 
- 15 
< 
z 
or 
Sem] Ime arte 
Fy 4 RIA N . E ¥ seDIe™ 
ljy='/, | jons f, and f, are finite for ap > 0 = = 
. 2 
For b > 0, the amplitude factor Ayre/P — 1/bae* as f, — = 
Thus the required response curves can be plotted without an - 
exact knowledge of the variation of f, and f, in the vicinity of the 
foregoing ¢ en a 7) oye eee eee  * 4 i i i J 
I going i © ° o2s os O75 ’ ras is 
PREQUENCY FACTOR G, AT RESONANCE 
ResPONSE CURVES 
Fic. 5 VaRiaTIon or Frequency Factor at Resonance Wits 
In Figs. 5 s given showing the rela etween the bann R,v = 0 
20 | 
2s 
es 
~~ 
2 ish 
= 
< 
* 
= 
=< 
x 
o- 
- + 
; 
° oas 0 0-7? i ‘25s b 7s a 
FREQUENCY FACTOR Q@, AT RESOMANCE 
Fic. 6 Varntation or Frequency Factor at Resonance Wits b ann R, » = 0 
frequency factor at which the amplitude is a maximum and the rigid massless plate (6 = 0) has a maximum at infinity. For» = 
value of the mass ratio b. For the curves of Figs. 5 and 6, Pois- 0, each theoretical response curve has an infinite peak at a fre- 


son’s ratio equals zero; for those of Fig. 7,» = '/, Each curve 


represents a different value of the depth ratio R. The experi- 
n in Fig. 6 are taken from Fig. 8(a) of Arnold, 
Bycroft, and Warburton.* The experimental values of the 
physical constants 4 and p, which are required to convert reso- 
factors at 


, , 
mental points sho 


nance frequencies into nondimensional frequency 
resonance, are taken from Table 1 of that paper 
For vy > 0, the theoretical response curves for different values of 


b have finite maximum amplitudes, except that the curve for a 





juency factor given by 


1 + bae*s; = f) 


In Table 1, values of the magnification factor are given for 
various values of the depth factor R and the mass ratio 6 for» = 
1/,; the magnification factor is (1/fi)e-. X (maximum value of 


Apr/P), as Aur/P = —/, when the frequency is zero. Magni- 


fication factors for a semi-infinite medium for the same values of 


b (from paper*) are also given in Table 1 
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FACTOR. 


————$ 


20 30 


TABLE 1 VALUES OF MAGNIFICATION 


R = i/rs 5 
1 13.0 
2 aa.e 

3 3 6 
4 9 14.2 

Semi-infinite 
medium 1 1.21 


Discussion or RESULTs 


It will be seen that there is good agreement between the 
theoretical and experimental values of the resonant frequency 
(Fig. 6). There are two major sources of error in the derivation 
of the theory; the assumed stress distribution between the mass 
and the stratum will lead to errors that will increase as the depth 
factor R decreases; also damping has been neglected in the 
analysis. The presence of damping in an experimental medium 
will cause the response curves to have finite peaks for all values of v 
but for low values of FR this should not affect the derived values of 
the resonant frequency. For high values of R, an experimental 
medium with moderate damping will behave as a semi-infinite me- 
dium, as no waves reflected from the base of the stratum will 
reach its surface. Runyan and Anderson,‘ who measured the 
mechanical impedance of a system consisting of a mass resting on 
a stratum of sand, concluded that an increase of depth of the sand 
beyond 8 in. would not change the impedance. As their value of 
ro was 1.435 in., this suggests that for sand a stratum will behave 
is a semi-infinite medium if R > 5.6. 

In the analysis of this paper damping is neglected and thus 
waves reflected at the stratum-foundation boundary will return 
to the surface; this will occur even for large values of the stratum 
depth. For a semi-infinite medium there can be no reflected 
waves. Thus the limiting case of the analysis of this paper for a 
is not that of the comparable semi-infinite 
this is shown in Table 1 and also by 
relating to 


stratum as R — 
medium with no damping; 
the dotted curves in Figs. 5 and 7, a semi-infinite 

‘“‘Mechanical Impedance Measurement of 
Runyan and R. E. Anderson, Journal of the 
America, vol. 28, 1956, pp. 73-76 
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Os O75 )as 
FREQUENCY FACTOR @, AT RESONANCE 


Frequency Factor Resonance WitH 
banp R,v = 


VARIATION OF 


medium (results taken from the earlier paper? The theoreti 


7 has been i order to show the 


ke 
curve for R = 6 in Fig 


trend of the theoretical results for higher values of R, but has 


as this curve alone of those in Figs 


been shown by a broken line 
5 to 7 should not be used to predict resonant frequencies for 


t 


practical medium with moderate damping. The analysis should 
be applied only to a stratum with such low values of R and 
damping that waves are reflected from the base of the stratu 
ior any partic ilar case 
The application of the results of this paper to predict resonant 
I] blished later 


This could be investigated experimental! 


frequencies for a soil-mass system will be pu 





Longitudinal Impact of a Semi-Infinite 
Circular Elastic Bar 


RICHARD SKALA 


The impact of a semi-infinite elastic bar of circular cross 
section is studied using the equations of motion of linear- 
elasticity theory and a method of double-integral trans- 
forms. An evaluation of the solution is obtained using 
approximations which are valid for large values of the time 
after the initial impact. The numerical results show a 
continuous dispersion of the wave front and an oscillation 
not found in the usual elementary-theory 


which are 


solution. 


where u, is the 


onstant ¢, 18 


Ar cording to 


act of 


the density 


E is Y« 


this theory the « 


re 


ng’s 
lisp g from the imp a semi- 


acemel 


infinite bar have a comparatively simple form. Choosing the ori- 


gin of z to be at a rigid surface which a bar moving toward the 


there 


eft with velocity r s IS a Step wave of strain 


= 


Ip given Dy} 


free and 
in any direction perpendicular to 
(3 


to a step wave also in the displacements per- 


the bar are assumed of traction 


The 


hence there is implied 


lateral surf 


aces 
‘ 
a Strain 


the axis equal to the negative of Equation times Poisson's 
1 i 
This leac 


the 


take place in an actual t 


is 


oP 


rat 


pendicular to axis. Of course, such a discontinuity cannot 


The present paper investigates the impact of a semi-infinite bar 
of uniform circular section using the equations of the linear 
theory of elasticity The solution is derived in terms of a double- 
ntegral transform and evaluated approximately for large values 
of the time after the initial impact. The displacements and strains 
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this solution are continuous and 


an increasing 
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is known from an 


mer (1, p 
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The dispersive nature of a bar 


exact solution f 
287).? The phase ve 


Puase VELOCITIES 


oO 


motion in an infinite circular 


Data f 
velocity 


proximation of the phase velocity of 


or this hgure are taken Ir 


shown in Fig. 1 for »y = 0.29 


2 The elementary 


Davies appears as the hrst 


the first mode of the 
solution for waves which are long in comparison t 
The ec, this role in the so 


the bar. appears again in 


follows 
SoLuTiIon By InreGRAL TRANSFORMS 
lhe initial conditions of the problem considered are shown 
Fig. 2 
tions with speed v, are assumed to meet at the origin of z at time 
i= 0 After time { 
single, solid, infinite bs 


— 


Q 


Two semi-infinite circular bars, moving in opposite direc- 


= © the bars assumed to behave as a 


are 


ar. Because of the symmetry. the tractior 





2a ir 














} 





Fic InrtT1at C 


> 


across the plane z = 0 is normal to it and the displacements nor- 


Each of the original bars is thus con- 


had struck 


mal to this plane are zero. 
fronted by the same boundary conditions as if it 
rigid frictionless surface at z = 0. 

The solution is derived by superposition of two parts. The 
first part is the solution of the original problem with the further 


a 


? Numbers in parentheses refer to the Bibliography at the end of the 
paper 
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condition that a lateral restraint is applied so that the radial dis- 
placement u, is everywhere zero. This results in a compression 
wave for which 
j 
? [4} 
—ci<2<c 

/ 


Ft, |+2| > eg 


— — 2B, 


Ce 


where c, is the velocity of dilatational waves in an infinite medium 
A + Qu 
p 


: 
c. 


and A and p are Lamé constants. In this case the assumed lateral 
restraint must apply a radial traction to the surface of bar, di- 
rected inward, and of magnitude 

du, 

dz 


r 


The conditions for any time ¢t > 0 are shown in Fig. 3. 





























Fic. 3 Sorvution Wits Lateray Restraint 


The second part of the solution is the response of an infinite 
bar, initially at rest and unstressed, to a radial traction applied to 
the surface of the bar, directed outward, and starting from the 
origin z = O att = 0. This loading is chosen to be exactly the 
negative of the traction shown in Fig. 3. When the two parts of 
the solution are superimposed, their surface tractions cancel and 
the sum of the two sets of displacements satisfies all conditions 
and equations governing the original problem. 

It remains to find the second part of the solution, the response 
to the radial loading. The displacement equations of motion for 
axially symmetric cases are, as given by Love (1, p. 288) 

oA Ows 
Or oe Oz 


2u 0 
4 md. 


r Or 
where 


1 Oru,) ou, 
a y «A : 
r or Oz 


l (2 Ou, 
oa Mp OU, 
and 2\a oo 


The boundary conditions on the surface of the bar are 


ds 
—, —es<sce 
d Ce 


| 0, z| > cl 


5 


[Clee = R(z, t) = 
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[C.clee = 0 {11} 


where ¢,, and c,, are the components of stress and a is the radius 
of the bar. 

The doubie-integral transform 9(7, p) of a function g(z, t) is 
now defined by 


1 (em Da 
Xy,p) = — evivde f g(z, the *?*dt 
ae 5. 0 


The inversion formula of this transformation is 


gz, t) - | e*d'y f _. HY, peMdp (13) 
—@ ge =e ta 


The transformation from ¢ to p is the Laplace transform with 
the usual transform variable replaced by ip. The transformation 
from z to ¥ is a Fourier integral transform. Provided g(z, t) and 
its time derivatives are zero at ¢ = 0, the double transform of 


or *g(z, t 
Oz*ot* 


is (iy)"(ip)'9(Y, p). 

Four equations involving the double transforms @,, @,, A, and 
@ are obtained by applying the transformation [12] to Equa- 
tions [6], [7], [8], and [9]. From the transformed equations, 7 
and f, may be eliminated, yielding two equations in A and By 


1 od 


ota - 
——+—-—+KMA =0 
Or 


From Equations [14] and [15] it follows that A and Sg are of the 


form 
A = Bidhr (18) 
Be = DJ kr {19} 


where B and D are functions of and p and J, and J; are the Bes- 
sel functions of order 0 and 1. Equations [18] and [19] are used 
to replace A and Gs in the transforms of Equations [6] and [7 
These equations are then solved for 7, and 2,. Thus 


ui, = iyAJolhr 


where A and C are functions of y and p.* 

The Boundary Conditions [10] and [11] determine the functions 
A and C. The stresses ¢,, and ¢,, are first expressed in terms of 
the displacements u,, u,. These equations are transformed by 
[12] and @, and @, are replaced by Equations [20] and [21]. The 
results are 


* Reference (1), p. 289, equation [51] 
‘Tbid., (1), p. 289, equation [53]. 
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£ 07 of ha p* t OW; . Equation [¢ is for the strain in the axial direction u,’ where 
= — ' “<1 the prime indicates differentiation with respect to z. The strain 
s computed rather than u, itself because this simpifies the subse- 

quent work 
29) 1 


The first integral involving p in Equations [28] and may 


be evaluated by Cauchy’s residue theorem applied in the com- 
plex p-plane. The computation for u,’ is typical. The path of 
integration is closed by a semicircle of infinite radius about the 
in the upper half of the p-plane. The integral over the 
nicircle is zero so the original integral is equal to 27i times the 
sum of the residues at the poles enclosed 


If the numerator and the denominator of Equation [29] ar 


e 


sh multiplied by & and the various Besse] functions are replaced 


their respective infinite series, it is found that only ever 


powers of h and k appear. Hence there are no branch points ir 


the complex p-plane in spite of the fact that A and k are irrationa 


nite semicircle, the various Bessel functions may 
1e asymptotic forms which they approach for larg: 
the limit it is found that the magnitude of the 
ation [29], excluding the exponential factor 
aquation [2 excluding the exponentiai factor, is 
r free vilbratior . —_ . . . 
W tree viprauons roportional to (p*)~*. This insures that the integral over the in- 
the subsequent finite semicircle vanishes 


There are poles of the integrand of Equation [29] at p = + 


4, is completed by substituting the 1e to the factor 


tions [24] and [25], into Equations 
rting according to Eq 


le integrals fo 


The 


he original problem is 


a ) hJ (kad he 


a 


2h-y*hJ (ha Jy ker where H is the Heaviside uni tion he strain ex- 


pressed by Equation 
part of the solution expressed by Equation [4 
The remaining poles of Equation [29] for any values of 7 are 


‘ ; . *_ ' 
at the points in the p-plane at which F(+¥ These points 


y) are the circular frequencies of free vibration 

an infinite bar in terms of the wave number y = 2x/L where 

L is the wave length. This follows from the fact that F = 0 is the 

frequency equation. The frequencies p, may be expressed in 

terms of the phase velocities c, as indicated in Equatior 1 
The phase velocities are shown in Fig. 1 for y = 0.29 


The contributions from the poles due to the zeros of F are 


y?2\AkJ (ha) of ka 





hed 
Equation [32] is the complete expression for the axial strain in the 


original problem. A similar expression may be derived from 
Equation [28] for u, 
nN (242 


2 
©) hJi(ka)J (hr) + 
M — 


EVALUATION OF u,’ AND u, FOR LARGE VALUEs OF f 


It would be difficult to carry out the integrations in Equations 
[32] and [33] because the p, are known only through the trans- 
cendental equation F = 0. Some information can be obtained 
by making approximations valid for large values of t. 

If z is chosen equal to c’t in Equation [32], where c’ is an arbi- 
trary constant velocity, the integrals take on a form to which the 
method of stationary phase’ may be applied for large values of ¢. 
According to this method the integrals over the various p,-curves 
will all be at most of order 1 ia/ t when ¢ is sufficiently large ex- 
cept for contributions arising from points where the denominator 
of the integrand approaches zero. 

This denominator would be zero if OF /Op were zero at any point 
on the p, versus y curves. However, this does not occur. Con- 
sider F as a function of y and p defined by Equation [26]. In the 
p, y-plane, the lines F(p, y) = 0 are the lines p, versus y; i.e., 
the natural frequencies. Along any such curve 0F/0S, = 0, S; 
being the direction along the curve. If at any point 0F/dp = 0 
also, then it is easily shown OF /O0S = 0 for any direction S through 
this point, provided the curve F = 0 does not have a tangent 
parallel to the p-axis at this point. The condition dF /O0S = 0 
means that the function F(p, 7) is either at a maximum, a mini- 
mum, or a stationary point. If it is maximum or minimum, a 
curve F(p, y) = 0 could not pass through it. If it were a station- 
ary point, there would be two lines F(p, 7) = 0 passing through it. 
ut it is known that there are no such branch points by inspec- 
tion of the p, versus y curves. Also, there is no point where a 
p, versus YY curve is parallel to the p-axis. Hence there are no 
points on the p, versus yy curves at which OF /dp = 0. 

The denominator in Equation [32] is, however, zero at the 
point which is at y = 0 in the integral over p,, the first mode fre- 
quencies. At this point the factor [y? — (p,;/c,)] is zero because 
pi approaches zero with y. The essential contribution to u,’ 
which does not decay with time is 


vt te N 
u, ae 7 
ie 


where N and G are the numerator and denominator, respectively, 
of the integrand of Equation [32] with p replaced by c,y and € is a 
small positive number. The two exponential terms are derived 
from the fact that there are two solutions of F = 0 for the first 
mode, namely, p; = +c, where ¢; is the magnitude of the phase 
velocity. The functions N and G in Equation [34] are replaced 
by their limiting values as y approaches zero since € may be 
chosen indefinitely small. The ratio N/G may be shown to have 
a limit of 1/yc,, after considerable algebra not shown here. Two 
terms of the expansion of c,; about y = 0 are used to approximate 
¢; in the exponential terms of Equation [34]. If only one term is 
used, the end results are exactly the elementary theory solution 
(3). The two terms used here are given by Love® 


[et +eryt) 


1 
? Reference (3), p. 505. 
* Reference (1), p. 290. 
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where 


2hy*hJ(ha)J (kr 


i(yz+ pt) 


_———- ae 


With the 


ms 


foregoing approximations, Equation 


ea ° 
sin (‘yz 


~ 
L 


where the limits have been extended from 


permissible because the integrals so adde 
which is negligible in the present approximation. 


Equation [37] may be written in the form 


® [= yz" + dy*t 
Tc, Jo 1 


“ 


The new co-ordinate z’ measures the distance of any given point 


z, t) ahead or behind a point starting from z = 0 att = 0 an 
moving in the positive direction with velocity c,. The latter is the 
location of the wave front in the elementary-theory solution (3 
and will be called the wave-front point 
significance for a wave-front point moving ir 
tion. 

By a change of the variable of integ: 
comes 


where 


\/ (3dt) 


The integrals in Equation [40] are functions of a” and 


are related to Airy’s integral Ai(a 


1 - ] 
_ cos (an + n) an 
Tr 0 ° 


Airy’s integral has been tabulated by Airy and others (4 
At( a") is the derivative with respect to a” of the first integral in 
Equation [40]. Similarly, Ai(a’) is the derivative of the second 
integral. Hence 


Aila) = 
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inte- 





iues Of the first and second 
O and a’ = 0, respectively, which 
The 


be obtained directly for points 


yntour integration values of the 


4180 May 


n (40) 


i the wave-front point by neglecting the 


tors and performing a contour 


ahead 


integration 
behind the wave-front 
agrees with the elementary solutior 
QOorz = Aquation [435] is use 
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tion of the length of time required before the approximations of 
the present paper are valid. 


CONCLUSIONS 


The complete solution of the problem of the impact of a semi- 
infinite circular bar has been set up according to the equations of 
elasticity and is contained in Equations [32] and [33]. The inte- 
grals which appear in these equations have been evaluated ap- 
proximately for large values of time after impact. The numerical 
results are shown in Figs. 4and 5. The solution shows a dispersion 
of the wave front over an increasing length of bar as it progresses. 
There is also an oscillation of the strain in the bar behind the 
wave front about its final value, not predicted by the 
mentary theory. 


, 1) } | 
lsual eie- 
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Some New Data on High-Speed 
Impact Phenomena 


By J. H. HUTH,' J. S. THOMPSON,* ano M. E. VAN VALKENBURG? 


This paper presents a summary of some recent experi- 
mental work aimed at evaluating the role of various physi- 
cal parameters in high-speed impact phenomena. It is 
shown that penetration into thick targets by projectiles of 
the same material, for certain common metals, can be ex- 
pressed approximately through a single relationship of 
the form (p/d) = 2.5(V/c)'* in a range of about 0.1 < 
(V/c) < 1.0. Here p represents penetration (crater depth) 
measured from the initial] target surface, d a characteristic 
dimension of the projectile, and V the impact velocity. 
¢ is the “sonic” velocity in the projectile and target ma- 
terial as expressed by the formula c = VE/o, where E is 
Young’s modulus and p the density. Experimental re- 
sults are given for steel, aluminum, brass, lead, magne- 
sium, and a magnesium-lithium alloy. 


INTRODUCTION 


URRENT interest in space flight raises the question of pos- 

sible damage from meteoric impacts. If one accepts the hy- 

pothesis that all meteoric orbits are elliptical, the possibility 
exists of impacts at relative speeds as high as about 2 x 10 
fps (the parabolic speed in the region of the earth’s orbit). A 
number of penetration theories are available for impact velocities 
well below 10,000 fps involve the 
assumption of a nondeforming projectile, and hence are inap- 
plicable in the speed range of current interest. (For example, 
Therefore, further experimental 


However, they generally 


see chapter 12 of reference 1.‘ 
work was deemed desirable 
Unfortunately any experimental impact research program 
utilizing present-day equipment must of necessity be content 
with accelerating macroscopic particles to fairly modest veloci- 
ties—of the order of 10,000 fps 


tion, some fundamental knowledge of the physics of high-speed 


However, even with this limita- 


impact phenomena can be obtained provided the experiments are 


specifically designed with this goal in mind. An analysis of the 
problem is presented in the next section, followed by a descrip- 


tion of such experiments 


ANALYSIS 


Although many such as spalling, perforation, 


etc.) are of interest, the experiments reported herein were aimed 


phenomena 


‘ Engineer, Rand Corporation, Santa Monica, Calif. Mem. ASME 

2 Engineer, Rand Corporation, Santa Monica, Calif. 
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Salt Lake City, Utah 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper 
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Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, May 15, 1956. Paper No. 56—A-15. 


specifically at studying cratering in relatively thick targets 
In order to extrapolate the results of such a complex occurrence, 
or even offer a scientific interpretation, it is necessary to reduces 
to an absolute minimum the number of parameters involved 

The simplest cratering experiment possible can be formulated 
as follows: Fire a sphere in a vacuum at normal incidence 
against a semi-infinite target, and make the target and sphere of 
the same material. Under these circumstances the penetration 
p (crater depth measured from the original surface level) should 
be a function of the sphere diameter d, the impact velocity } 
and various properties of the material. In dimensionless forn 
one possible relationship might be 


(2) -14(*). (2) (@)} 


¢ may be interpreted as either a shock or sonic speed in the 


where 


target and pellet material 

Q is the energy per unit mass required to either melt, vapor- 
ize, or otherwise remove the material that originally oc- 
cupied the crater. 

a is the thermal diffusivity 


The foregoing definitions are still quite general. Exact defini- 


tions of c and Q as actually used will be given at the end of this 
section 
Equation {1 
many other 
However it can encompass at least two current theons of crater- 
ing V?/Q) predominates, then 
Equation [1] can agree phenomenologically with the “high 
velocity’’ theory of Rinehart (1) in which crater volume is propor- 
tional to the kinetic energy of the pellet, and the craters them- 
pre- 


is obviously a gross simplification, inasmuch as 


material properties might have been included 


For example, if the effect of 


selves are of constant shape. On the other hand, if (V 
dominates, and c is taken as equal to \ I p where k represents 

target “strength parameter’’ and p the mass density, then Equa- 
tion [1] can agree with Opiks (2) modified hydrodynamic theory. 
In this case c would correspond to Opiks V’.) This explains the 
choice of Equation [1] as an interesting relationship 
Specifically, experiments were then designed to determine if 
p/d) 


of either (V/c) or 


could, for a variety of metals, be expressed solely in terms 


rs} when c am are defined as follows 
y? I ig Jefined f 


f/ . , , 
yo) Lone SVMODOi c represen p where + is oung § modulus 
Let the symbol t E i I Young ! 
and p the density, while Q represents the energy per unit mass 
required to heat and melt a given metal. 


EXPERIMENTAL PRoGRAM 


the model 


have been. carried out by 


Experiments essentially based on expressed by 


two 


‘ 


separate groups. 
Lab- 


at. the 


Equation [1] 
One such program was carried out at the ral Research 
oratory by Mr. Thompson, while the othe conducted 
University of Utah.‘ 

‘If (p/d) = (V*/Q),'/* then Q@ would be directly proportional to 
Rinehart's k: factor 

* This research was supported by the U.S. Air Force, through the 
Office of Scientific Research of the Air Research and Development 
Command. 
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The technique used by the two groups were quite different. 
At NRL the pellets were fired from guns, and the speeds meas- 
ured photographically. The use of guns dictated a switch from 
spheres to cylinders one caliber long 1), 
The firing pro- 


length/diameter = 
but gave results with remarkably little scatter. 
lead, 
lithium alloy,’ and ste« Lucite, through its transparency, also 
of the actual cratering. 

University of Rochester Institute of 
und Printer, Model II (3 This de- 
encies of 20 X 10° and 4 X 10* frames 


gram included lucite, tefion, aluminum, a magnesium- 


permitted motior pictures to be taken 
The camera used was the 
Optics high-speed camera 
vice provided fr 
per sec 

At Utah, 


ylindrical exp 


neres were accelerated by means oO! a 


Their technique has been described 


in a recent pu They fired brass, aluminum, mag- 


nesium, an In both cases, most firings were made 


Im air 


} 
In principle, the aterials should be chosen so as to separate 


(For 
example, tin and platinum have nearly identical c, but quite 
lifferent Q However, in this preliminary work selection was 


nade more on the practical basis 


the effects of the thre« parameters in Equation {1} 


of availability 


RESULTS 


The results of the experimental investigations are shown in 
Figs 1-12 
could be correlated 
V/c), 
Penetration in calibers apparently may be expressed in terms 
of the Mach number, f 


First it was found that, for various metals, (p/d 
fairly well on the basis of the Mach number 
where c is the sound speed as defined previously." 


most metals, as follows 


where k the range of about 


0.1 < Vie 


The fact that for the lithium-magnesium alloy, k would have 
Lithium itself i 


elts at 0.9 of its characteristi 


to be altered is not too surprising is also an 


anomaly in that it m temperature (5) 
uted to mean 


The lithium- 


which, by Deb; ipproximation, is directly rel 


velocity of sound f lon in a crystal 


by weight was about 6 


that for the metals chosen, ¢ and 


’ The ratio 
®’ However 
V Q tend to 





Fic.7 Ca.ipers or PENETRATION a8 A FUNCTION oF Macn NuMBER 


67 


magnesium and brass results 
alloying effect on k. 


taken together indicate a possibl 


Figs. 8 and 9 indicate that the crater volume is not precisely 


proportional to either energy or momentum. Also a marked sizé 





ME AS A FuncTION oF Momentum 


IMPACTING PARTICLE 


8 Crater Vout 





olume 


Votume as A Function or I 
PACTING PARTICLE 


RATER sNERGY 


apparent. However, a direct dependence on en 
would be an approximation over selected intervals. For 


the constant of between kine 


2 £m cal 


proportionality tic energy and 


f 


ol displas ed material) is about gm (heat of fusior 

aluminum it is 367 gm cal/gm 
gm 
subsequent sectioning and etching of the Al and Mg-Li craters 
V = A similar con- 


clusion was reached in the case of 5000 fps The 


lead is 5.9 gm cal/gm), while for 


heat of fusion of aluminum is 76.8 gm cal However, a 
7600 fps) revealed no evidence of melting 
lead (V 
lead pellets apparently vaporized 

The 
} C 
by further experimentation. 


low sonic speeds also were fired in an effort to investigate the 


tendency toward a lessening of penetration in lead as 
exceeds 1 (see Fig. 6) is interesting, but should be checked 
In this connection, plastics with 
regime. Unfortunately the plastics chusen, lucite 
and teflon, tended to crater quite differently from metals and the 


supersonic 


results could not be used to predict metal performance. 

in an attempt to photo- 
graph an actual crater in the process of formation. The resulting 
lucite of the order of 


However the lucite was of interest 


pictures indicated a shock-wave velocity in 
9000 fps. 

It is of interest also to compare the cratering with Baldwin’s (6 
correlations for explosion pits and lunar craters. (These cor- 
relations relate crater diameters and depths, and explosion-pit 


* Rinehart (1) gives a value of 5.26 gm cal/gm for lead. 





All results ore token 
from NRL firings 


Diameter of croter (inches) 


> Aluminum 
& Magnesium-lithium 
© Leod 








eo 10 to 
Depth of croter Gnches) 


Fic. 10 Crater Diameter as A Funcrion or Crater Depts 


- . 22 50 
cel col 

° @ Aluminum 

4 @ Mognesium-tithium 


@ Leod 


Jrameter/ depth 
° 


All results ore taken 


from NRL firings 





L 





Ratio or Crater Diameter TO DeptH as a FUNCTION OF 
Mace NumBEr 


Fie. 11 


diameters with energy release.) The relationship of diameters 
to depths of the current series of craters, Figs. 10 and 11, is simi- 
lar to the corresponding relationship for explosion pits, but of 
course on a reduced scale. Specifically, Figs. 10 and 11 first 
show that at low velocities the crater is just an indentation with a 
nearly constant diameter equal to that of the impacting cylinder. 
At high velocities, the craters again begin to become relatively 
shallower. Fig. 12 relating crater diameter to energy is also 
similar to Baldwin’s corresponding correlation if the energy scal- 
ing is the square of the linear scaling. 


CoNCLUSIONS 


It has been rather well established that the approach suggested 
in this paper will lead to meaningful experiments, that within the 
range of speeds tested melting or vaporization does not play a 
large role in target cratering, and that: penetration by metallic 
pellets into targets of the same material can be expressed through 
Equation [2]. Fig. 8 gives some indication of the error to be ex- 
pected from this relationship when widely different metals are 
involved. It is interesting to note that the exponent of V in 
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Equation [2] lies between the exponents in Rinehart’s (1) low- 
and high-velocity approximations.“ Quite possibly the de- 
pendence of p on V will further decrease at higher speeds, as 
result of increasingly shallow craters. 

Also, within the limit of experimental error, penetration has 
been shown to be directly proportional to a characteristic dimen- 
sion of the pellet. Small changes in the shape of the pellet also 
have proved inconsequential. 
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Experiments for the Determination of 


Transient Stress and Strain Distri- 


butions in Two-Dimensional Problems 


By A. J 


The object of this investigation was to develop a method 
utilizing photoelasticity for determining transient stress 
and strain distributions in two-dimensional problems. 
Numerous investigators have approached this problem 
using the common photoelastic materials which have a 
relatively high modulus of elasticity and correspondingly 
high velocity of wave propagation. However, many diffi- 
culties were encountered in photographically recording 
data, and only a few reliable stress patterns were obtained. 
In order to avoid these difficulties, a material with a low 
modulus of elasticity and a correspondingly low velocity 
of wave propagation was developed. Asa result the 8-mm. 
Fastax camera is capable of recording precise fringe pat- 
The material used was a member of the epoxy- 


Both 


its static and dynamic properties were determined as ac- 


terns. 
resin family, modified to give the desired properties. 
curately as possible. It was found that the strain-fringe 
value of the material is approximately constant, but the 
modulus of elasticity and stress-fringe value are different 
for static and dynamic loadings. Preliminary studies 
were conducted to develop the method using a circular 
disk under a radially applied concentrated impact load as 
the model. A simply supported beam under central im- 
pact was then studied, and deflection curves obtained were 
compared with curves theoretically predicted by Saint 
The comparisons showed good 


Venant and Flamant. 


agreement. An analysis of the formation of the fringe 


pattern for various times after impact also was made. 
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line in the field of the photographs allowed the determination of 
boundary displacements with either » micrometer-microscope or 


an optical comparator A micrometer-mi roscope was used to 


measure deflections in this study 


* Numbers in parentheses refer to th 


the paper 





70 


The authors believe that the method presented ailows the study 
of wave-propagation phenomena with a thoroughness and preci- 
sion that were previously impossible. The soundness of the new 
approach is verified by comparing the results of some simple beam 
tests with theoretical predictions by Saint Venant and Flamant 
(2). 


Tue Puoroge.astic Mopet MATERIAL 


The requirements of the material to be used can be stated 
briefly as follows: It must be transparent, birefringent, and elas- 
tic. It must be relatively easy to manufacture, machine, and 
handle, and have a low modulus of elasticity. 

Gelatin meets most of the requirements listed, and it was used 
in the initial studies of the photoelastic techniques. However, its 
detrimental time-edge effect, poor machinability, and high strain 
fringe value, i.e., strain necessary to produce one fringe in a model 
of unit thickness, made advisable the development of another ma- 
terial. 

A survey of the literature was conducted in an attempt to find a 
plastic which would satisfy the previously stated requirements 
This survey revealed that several investigators had made use of a 
clear epoxy resin as a photoelastic material and had reported good 
results (3, 4). 
pany and is sold in England under the name Araldite Casting 

“BY 
family, manufactured by the Ciba Company, Inc., Kimberton 
Pa., 
investigated, and it was found that its properties can be varied 


This material was developed by the Ciba Com- 


Resin A somewhat similar member of the epoxy-resin 


and sold in liquid form under the name Araldite 502, also was 


over a wide range by adding suitable amounts of a compatible 


plasticizer, such as dibutyl phthalate, and small amounts of 


The manufacturer recommends the use of Araldite 
Hardener HN-951 as the curing agent for this cold-setting resin 


cyclohexanol. 


The material used in the subject study was obtained by adding 
20 parts of a mixture consisting of 5 parts cyclohexanol and 3 parts 
dibutyl] phthalate, to 30 parts resin and 3 parts hardener. It was 
found that this material loaded statically follows Hooke’s law 
and the stress-optic law up to a strain of about 6 per cent, has a 
modulus of elasticity (which changes with composition and age 
of about 375 psi, and has a material fringe value of approximately 
0.52 psi-in /fringe. 

The material can be cast between glass plates into sheets of any 
desired size and thickness if a thin laver of cellulose acetate is used 
to prevent bonding. The model can be rough cut from the sheet 
by using a jig saw, and the boundaries can be finished with a 
router. The boundaries of the model when prepared in this way 
are remarkably free of machining stresses but develop some time- 
retarded by 


edge stresses which can be considerably applying 


a film of petrosene wax. In the tests conducted the material did 
not exhibit any optical or mechanical creep during a 24-hr period 


of investigation. 


EQUIPMENT AND TECHNIQUES FOR Dynamic Work 


The Dynamic Polariscope. One of the polariscopes in the Ar- 


mour Research Foundation photoelasticity laboratory is of the 


difiused-light type with a 12-in-diam field. This polariscope is 
completely described in a paper by one of the authors (5). In 
order to convert this polariscope for dynamic work, it was neces- 
sary to increase the intensity of the light source. This was ac- 
complished by using four simultaneously triggered Sylvania Type 
2A (focal plane) flash bulbs in place of the green fluorescent lamps 
The intensity of the flash from these bulbs 
A Wratten 77A 


filter plus a Corning Glass 4-72 filter was used to approximate a 


used for static work. 
rises to a peak of 1,500,000 lumens in 20 millisec 


monochromatic source of light 
While 


several high-speed cameras are commercially available, today 


High-Speed Photographic Equipment and Techniques. 
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the 8-mm Fastax WF1 camera (which uses 16-mm film) was found 
to be satisfactory. This camera is capable of recording at the rate 
of 14,000 frames per sec when used in conjunction with the Model 
J-410 Fastax control unit. When operating at this speed the ex- 
posure time is approximately 14 microsec and the interval be- 
This is sufficiently 
Kodak Linagraph Ortho, Lina- 
graph Pan, and Tri-X films are commercially available and suf- 

The Ortho film is difficult 
Linagr aph Pan film does not 
Kodak Tri-X gives the Dest res ilts and 
should be developed using Kodak DK-50 devs 

The Loading Mechanisn 
were obtained by using falling weights 


tween frames is approximately 70 microse< 
fast to give clear fringe patterns 


ficiently fast to be exposed properly 
to obtain in the 16-mm size, and the 
give clear enlargements 
ope r 


Impact loadings used in this study 


Partial control 


of the im- 
pact can be exercised by varying the height from which the striker 
falls and by varying the weight of the striker 

When the Fastax control 


synchronization of the camera and the 


Synchronization 


Impact cal tained 


by means of the camera timer and the event timer. In this way 
the camera is permitted to get up to its m 
the 


switch which is activated by the falling striker 


iximum speed 


impact occurs. The flashing of the bulbs is controlle 


PRELIMINARY STupies For Deve Metuo 


The circular disk was chosen as a c model to be 


in developing the techniques, because it is easy to machin« 


load Also the fringe order at 


all points of th model can 
termined from a single frame, since a zero-order fringe is present 
in every frame, and the high concentrations near the points of ap- 


plication of the load permit the evaluation of the photographic 


techniques. Fig. 1 shows a series of photographs of a circular disk 


in one of the preliminary tests It is inte to note that 


resting 
the time required to photograph approximately eight frames is the 


time necessary for the stress wave to propagate across the disk 


n ; hele 
material is sulncientJ 


It is obvious from the photographs that the 
sensitive to permit the stress distribution to be determined 
throughout the disk during this interval. If less sensitive ma- 
terials are used, it may not be possible to observe the wave propa- 
gation 


The fringe pattern begins to form at the point of impact, and 


fringe 
Bet ween 


impact takes place and the moment the reaction begins, many 


only after several fringes have formed does the pattern be- 


gin to develop at the point of s ipport 


I the 


moment the 


The 


fringe order at the point of application of the load is approxi- 


the more interesting features of the phenomena develop 


mately 9'/, at the time the reaction begins at the other end of the 


diameter. After 26 frames the fringe order at the point of ap- 


plication of the load decreases to 8'/; while the fringe order at the 
point of support is several fringes higher (approximately 10 


From this time on the pattern slowly becomes symmetric, and 
the maximum fringe order (about 12 fringes near both top and 
bottom 


is eventually reached. The fringe pattern then decays 


in a symmetric manner, and eventually the disk is left completel 
stress-free, indicating that the impact was within the elastic limit 
of the material. This complete cycle of events required approxi- 
mately 0.03 sec 

For this test the 0.5-order fringe propagated with a constant 
across the vertical diameter of the disk 


ined 


velocity (3050 in. per sec 


4 modulus of elasticity for the material of 825 


psi was obt 


by using the two-dimensional wave equatior 


V = velocity of propagation of 0.5-order frin 
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per sec.) 
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placed on the plane end of one of the cylinders such that the 
longitudinal axes of the specimen and cylinder coincided. The 
second cylinder was then released from a predetermined height 
to strike the free end of the specimen. During impact, the dis- 
placements of the pendulums in respect to a fixed reference wire 
placed in the field of the photographs were recorded. The dis- 
placement-time curves for the pendulums were then plotted from 
measurements made directly on the film with a micrometer- 
microscope. The strain-time curve for the specimen was com- 
puted from these displacement-time curves, assuming that the 
strain is uniform throughout the body at every instant. The 
stress-time curve for the specimen was determined by differentia- 
tion from the displacement-time curve of the pendulum holding 
the specimen. From the stress-time and strain-time relations a 
dynamic stress-strain curve was then plotted, Fig. 3, which is 
linear up to a strain of approximately 4 per cent. The dynamic 
modulus of elasticity obtained this way was 1180 psi, and corre- 


sponds to a strain rate of about 25 in/in/sec. 
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Fic. 3 Static anp Drwamic Srress-Srramy Curves 

In addition to the displacement data, the fringe patterns during 
impact also were recorded on the film. At the beginning of the im- 
pact the propagating and reflecting stress waves made the fringe 
pattern fairly complex, but after a few frames the fringe order 
throughout the specimen became uniform. For the next 12 
frames the pattern became dark every third frame, and after that 
the fringes were not sufficiently clear to make observations. Since 
the stress level in the bar at every instant was known, it was pos- 
sible to compute the dynamic fringe value. These data are plotted 
in Fig. 4 with the values corresponding to the first few frames 
being omitted. The slope of this curve indicates that the ma- 
terial has a dynamic material fringe value in shear of 1.75 psi- 
in/fringe. This a static value of only 0.52 
psi-in /fringe. 

In this same test a grid network placed on the surface of the 
specimen allowed an approximate determination of transverse 
strains, using a micrometer-microscope. These measurements 
show that the dynamic value for Poisson’s ratio is about 0.50, 


compares with 
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Fic.4 Static anno Drnwamic Srress Orpric CaisraTion 

while the static value was determined as 0.40. These results 
should not be considered final, and a more accurate measurement 
should be made using embedded grids instead of cemented grida. 

The static value of the strain-fringe constant was determined to 
be 1.9 X 10~* in/fringe, and the dynamic value at 25 in/in/sec 
was determined to be 2.0 X 10-* in/fringe. The strain-fringe 
value is therefore essentially independent of the rate of loading. 

It should be pointed out that the values reported herein are for 
the softest material developed for use in the study of wave propa- 
gation. The material used for the beam tests reported later 
was made harder to avoid excessive beam deflections. 

It was found in this study that the velocity of propagation 
varied for fringes of different order. The high-order fringes propa- 
gate at lower velocities than the low-order fringes. However, 
the velocity of propagation for a given fringe order is constant. 
This phenomenon requires further investigation. The method of 
translating the results obtained from a material of this kind to 
results expected in materials with different properties also should 
be considered in future work. 


Srupy or a Sucp.ty Suprportep Beam UnpER 
CENTRAL Impact 


Deflection Study. In order to evaluate the new method, a series 
of tests were conducted for the case of a simply supported beam 
under central impact. This problem was selected for study, since 
a theoretical solution was available in the literature which could 
be used as a basis of comparison for the experimentally deter- 
mined results. Saint Venant and Flamant determined mathemati- 
cally the deflection of a bar under transverse central impact at 
various times after impact. Numerical results in the form of 
curves are presented for the cases in which the beam-striker 
weight ratios are 0.5, 1, and 2. Some experimental results by L. 
Foepp! (8) also were available. 

In this paper the results of two tests are presented and are com- 
pared with the theoretically predicted deflection curves. Fig. 5 
shows the experimental and theoretical deflection curves for a 
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St Venont ond Flomont 


the Beom 


4 SIMPLY 
T a8 A Function or Time 


impact velocity = 55 


ps 


Position Along the Beom 


Fie. 6 


EXPERIMENTAL AND THEORETICAL Der_ecTion CURVES FOR 4 Simpcy Support? 


Unver Centra Impact as a Function or Time 


(Striker-beam weight ratio = | 


beam under central impact in which the weight of the striker is 
twice the weight of the beam. The deflections for four different 
times after impact were measured directly on the film. As can 
be seen from the curves, the comparisons are in good agreement. 
A maximum deflection of 0.34 in. occurred at a time between 0.010 
sec (135 frames) and 0.013 sec (165 frames) after impact. Since 
the deflection changes are very small during this interval, it was 
not possible to determine the exact frame or time at which the 
maximum deflection occurred. This compares very favorably 
with the theoretically predicted maximum of 0.36 in. which should 
occur 0.0126 sec (149 frames) after impact. The modulus of elas- 
ticity of the material used in this test was determined to be 1100 
psi from measurements of the static deflection of the beam. Since 
the strain rate at most points in the beam is less than 1.7 in/in/- 
sec, the static value of the modulus of elasticity was used, Fig. 5, 
for the comparison with Saint Venant’s formula. 

In the second test a longer beam was used with the weight of the 
striker equal to the weight of the beam. The results of this test 
are shown in Fig. 6. As in the previous test the theoretical results 
were computed using the statically determined value of E, which 
for this beam was 1300 psi. In this test the experimentally deter- 
mined maximum deflection of 0.44 in. occurs at 0.020 sec (250 
frames) after impact. 


impact velocity = 55 ips 


Fringe-Pattern Analysis. The nature of the 


movements occurring in these beam tests is best illustrated by the 
> 


ges 
series of photographs shown in Fig. 2, which correspond to a test 
in which the weight of the striker was approximately three tims 
the weight of the beam. In the first photograph the 

shown prior to impact. The striker has entered the field but has 
not touched the upper surface of the beam. For four frames after 
impact the fringe pattern builds up under the striker but no pat- 
tern forms near the supports. In the fifth frame the first reactio: 
from the supports begins to form 
complex state of stress is seen to exist in the beam, and the pattern 
is very different from the static fringe pattern for a centrally 
After 25 frames the pattern be- 
gins to resemble the static pattern. The last photograph (after 
250 frames) shows the beam completely stress-free, indicating that 


For the next 15 frames a very 


loaded simply supported beam 


the impact has been completely elastic and no residual stresses 
remain. 

Referring now to the fringe pattern for the second beam test: 
The fringe order along the lower edge, horizontal center line, upper 
edge, and vertical center line of the beam was plotted for various 
times after impact. In Fig. 7 the fringe order along the lower 
edge of the beam is shown. At the center, the fringe order in- 


creases to about 3'/; very rapidly. It then remains constant 
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mum when the deflection is a maximum. In Fig. 8 the fringe plotted for the vertical center line under the poin 
order along the horizontal center line is plotted. Note here that of the load. As can be seen from this figure the fringe pattern 
the maximum fringe order shifts from the center of the beam to- _ builds up in a very complex manner 


ward the points ot support In Fig Y the tringé order is plotted These patterns could be evaluated i term { strains ar 
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stresses, using the appropriate values of the dynamic-strain fringe 
constant and the dynamic modulus of elasticity corresponding to 
the strain rate at each specific point. This value of EZ can be 
taken equal to the static value, as a first approximation, in both 
beam tests, since the strain rate in these tests is relatively small. 
The dynamic-strain fringe value for the materials used in the 
beam tests has not been determined. 
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A Theoretical Criterion for the Fracture 
ot Metals Under Combined 


Alternating Stresses 


By TAKEO YOKOBORI,' SENDAI, JAPAN 


A criterion for the fracture of metals under combined 
alternating stresses is developed on the basis of the present 
concepts of dislocations. These concepts are modified by 
taking into account the stress concentration by the inclu- 
sion itself against which dislocations pile up. The agree- 
ment is good with the experimental data in the literature. 
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Hence if the effect of thermal fluctuations is neglected, the con- 
dition for fatigue fracture will be given by 


VT om+x/2 + CoQ2*Fo,? = aE. {6}? 
where E is Young’s modulus, and @ is a numerical value of the 
order of magnitude of one tenth. 

Under the tensile stress o,, 


Oo+/2 


O~(1 + cos 2¢) 


j 
| 
2 } 


1 P 
2 Owe Sin 29 | 
Under the torsional stress 


on ) 
Co+n/2 = —T, Sin 2 | 


= T, cos 29 


} 


[8} 
Te 


Hence when a round bar is under the alternating bending (tensile) 
stress range ¢,, (mean stress zero) and alternating torsional stress 
range 7T,, (mean stress zero 


Co+2/2 > Ful + cos 2) 


= <] oA 
T, sin 2¢ 


tT, = 7.4 sin 2p + 7, cos 2g 

and [9] we can get ¢,. Substituting this 
value of ¢,, in Equation [9] and using Equation [6], we can obtain 
the o., and t,. However, the graphical 
method will be simpler and this method is used in this paper 
Eliminating ¢ from Equation [9], we get 


l s . 1 
2 C2} Te = 2 


[10] represents the Mohr stress circle with Ce+x/2 


From Equations [5] 
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va) + 7,? {10} 
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——> G, 

¥+3 
abscissa and 7, as ordinate, Fig.2. The relation between c,, and 
T, can be obtained by using the condition that Equation [6] 
should be the envelope of these Mohr stress circles. 
IN LITERATURE 


Comparison With EXPERIMENTAL DaTA 


Steel. In Fig. 3 the experimental data in the literature (5) 
were replotted se that alternating (tensile) stress range o,, and 
alternating shearing stress range 7, at fracture may be expressed, 
respectively, in the term of the ratio to the fatigue strength a, 

? When the value of qi and q: are assumed to be equal, the number n 
of piled-up dislocations are calculated as 1.5 or 2.5 for steel (1). 
(Since in the calculation of n in reference 1 the numerical factor of 2 
was omitted, in the value of n, 1.5 or 2.5 applies rather than 3 or 5.) 
Since q: is the value very near the periphery of the inclusion, and q@: is 
the averaged value remote from the source of the stress concentration 
(in this case, Frank-Read source), qi is expected to be much larger 
than qg:. Hence, the true value of n is considered much larger than 1.5 
or 2.5 (q:/q2 times as large, Table 1). However, the calculation of 
S-N curves and the temperature dependence of fatigue strength are 
not formally affected by the inequality of the value of q: and q. 
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under alternating bending (mean stress zero). From the condi- 
tion that Equation {6} should be the envelope of the Mohr stress 
circles obtained from experimental data 
shown in Table 1. 
assumed to be */j. 


5), g: is calculated as 
In this paper a in Equations [4) and [6] is 
Let us attempt to estimate the value of n, the 
average number of piled-up dislocations corresponding to shearing 
stress T,,,, the average value of 7,,, over all the cases of combined 
stresses ranging from the case under alternating bending stress 
0. only, to the case under alternating shearing stress 7, onl 
that 
is, the parabola expressed by Equation [6] was approximated by 
the following straight line as the envelope of the 
circles above described 


For that purpose the following approximation was assumed 
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present theoretical considerations, and the obstacles may corre- 
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Alternating Combined Stresses. Maier (12) reported that the 
maximum tensile-stress condition holds for mild steel under com- 
bined alternating stresses according to experiments by himself and 
by Morikawa and Griffis (13 incon- 
sistent with the experimental results of Nishihara and Kawamote 
( The in onsistency 
solved on the basis of the present theory as follows: 


This criterion seems to be 


5) described in the foregoing may be re- 


In steels of the same order of magnitude of carbon content, some 


Is may 


stee 


contain a larger number of inclusions than others and 
hence possess smaller values of « orresponding to shorter mean 
free paths of inclusions, or some steels may have larger values of 
q: than others because of the nature or shape of inclusions acting as 


notch effects. It can be seen from Equation [6] that the criterion 
approaches the maximum tensile-stress condition if c is very small 
or if g; is very large compared with g,. Thus the apparent non- 
uniqueness of the criterion for the | re of steel under alter- 
nating combined stresses is not sury 
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A New Method tor the Construction of 
Hencky-Prandtl Nets 
E. G. THOMSEN,' BERKELEY, CALIF 


A graphical method for the rapid construction of 
Hencky-Prandtl nets has been developed. The prin- 
ciple employed has been stated ina theorem. It is shown 
that the method may be used for nets on both the physi- 
cal plane and on the velocity plane or hodograph. The 
use is illustrated by examples. 
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shear lines of the same family remains constant, hence AS; = 
AS, and similarly Aa; = Aa. It should be noted that the 
center of the radius of curvature of an a-line, as for example ae, 
as we travel from D to C, moves along the involute de. 

Let Fig. 2 represent the curvilinear square A-B-C-D of Fig. 1 
and let the tangents at the points of intersection of the a and 8 
This 
modification requires an extension of the tangents at A and D, but 


slip lines of this square intersect at /,’ and /,’, respectively 


a shortening of those at B and C without altering the angle Aa 
This geometrical construction establishes the two geometrically 
similar polygons D-E-C-I,’ and A-F-B-1,’, which may be provided 
with center lines El,’ and Fl;’, 
L. These two polygons become congruent as the spacing of the 


respectively, which intersect at 
a@-lines approaches zero, and in the limit when a = 0 the a, 
and a;-lines are coincident and hence the points E and F coincide 
with the point of intersection L of two imaginary center lines 
From this it is clear that the Hencky relationships may be ap- 
plied to the point of intersection of the center lines and that the 
length of the center line, as it rolls from E to F along the curved 
path, increases exactly by the length of path traveled, namely 
E-F. 


wedge, then the center line of this wedge can be made to roll along 


Thus, if the polygons are thought of as a portion of a 


a curved path, such that the edges of the wedge will be tangent at 
should be 


wedge as it rolls along a curved 


all times to two slip lines of the same family. It 
noted that 
path, traces a slip line only when the spacing of the wedge be- 


the center line of a 


comes infinitesimal; for slip lines having finite spacing, the trac« 
of the center line apparently is not a slip line These facts are 
of importance in graphical construction of slip lines and may be 
expressed in the following theorem: 

A wedge having the same angle as the slip-line spacing of a 
centered fan-type Hencky-Prandtl net will remain tangent to 
the slip lines of the same family, as its center line rolls without 
sliding along a curved path which is tangent to this line 


GRAPHICAL DETERMINATION OF HeENCKY-PRANDTL NETS 


The geometrical relationships just described may be utilized in 
and 


This 
whicl 


nl 


t graphical technique for obtaining Hencky-Prandtl nets 
Let line OB,B,, of Fig. 3 be 
slip line as shown in the figure may belong to a family 


centered at O 


hodographs i known slip line 


Let it be required to find the other slip lines o 
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the same family at any arbitrary angular spacing of either an a 
or 8 slip line. In order to accomplish this, a cardboard wedge of 
manila folder thickness is cut, having the correct wedge angle 
and having been provided with an arbitrary series of lines normal 
to the edge of the wedge which meet on a common center line 


These intersecting normal lines can_be imagined as tangents to a 
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slip line which intersects the edges of the wedge if this slip line 
One side of 
this wedge is then made to coincide with points OB, of the slip 
line OB,B, with the center point of the wedge located at O 
This permits drawing of the straight portion OA, of the slip line 
OA\A, 
by pressing down at point C). 


as an approximation is replaced by a circular arc 


A pencil point may now be used as a center of rotation 
The wedge is then rotated counter- 
This 


permits drawing a short element of the required slip line at As 


clockwise until B,; becomes tangent to the given slip line 


It is seen that by repeating this process, as point B moves from 
B, to B,, the center C; moves to C, by ro 
along a fictitious center line, and n short segments of the re- 


ing without sliding 
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should be 


A, to A,. It 


that it is permissible to use segments of wedges 


quired slip line can be drawn at noted 
as shown in Fig 
vent the s 


4 in order to establish slip lines, in the e 


iip-line spacing 


s Wepce 


Sirp-Lint 


DwRIN 


Fre cps 


SEGMENT 


becomes too large and hence the wedge too long and unwk 


handle. To use such a wedge segment it is necessary merel 


lay it tangent to the already drawn slip-line segments, as, ior ex 
ample, at points D and E of Fig. 4. The slip 


family are drawn in a similar manner, u 


lines of the ot! 


ng the center of the 
second centered fan 
» graphical method, 


To get some measure of the accurac 


1 two-centered fan (15-deg equiangular neky-Prandt! net has 
the sam 


The 


been drawn with this method and is compared with 
Hill (10 t 


tained graphically is shown in Fig. 5 


computed by 


using numericai 


Fic.5 Generar Two-Centerev-Fan So 

obtained independently and it is to be noted that the slip lines 
meet at 45 deg on the center line OX’. This was accomplished 
without trial and error and shows the reproducibility of the 
method without requiring excessive care. A comparison of the 


measured results, using an actual radius of 2 in. for the centered 





MARCH, 1957 


TABLE 1 COMPARISON OF HILL'S (10) NUMERICAL SOLUTION 
OF A PROBLEM OF SYMMETRIC-CENTERED FANS WITH 
GRAPHICAL SOLUTION 
coordinate x’ - y' 
waphical Numerical jraphical 
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2 Slip line 10 intersects boundary B-B at 10d at an angle of 


45 deg and gives a condition for zero container-wal! friction 

3 Slip line 10 is parallel to boundary C-C at 10g and hence 
represents a condition for maximum friction, without having line 
10 cross the rigid container wall and hence enter into a forbidden 
zone. 


In the discussion to follow it is assumed that the reader is fa- 
miliar with hodographs since this subject has been discussed ade- 
quately elsewhere (1, 6, 12). Fig. 8 shows the hodograph for the 
solution given by the frictionless boundary B-B. The hodo- 
graph was constructed entirely with 15-deg wedges in a manner 
analogous to the one used for the Hencky-Prandt! net. This is 
possible because the properties of the network of lines on the 
physical plane have identical properties with those on the 
hodograph. 
unity from the pole to the point 10d from which lines 4 to 10 and d 
It is to be noted that the 
same identification system has been used as for the slip lines of 
Fig. 7. 
significance that the velocity 
line, while a combination of these two indicates the point of 


The hodograph is started by laying off a velocity of 
to j radiate as a 15-deg centered fan. 


A number or letter identical with a slip line has the 


component is normal to that slip 


intersection of normals to the slip lines; it also gives a direct meas- 
ure of magnitude and direction of the velocity if a straight line 
connects the point of intersection to the pole. The graph is 


ines a and | meet on 


This 


self-explanatory and it is to be noted that 
the center line at exactly 8.23 which is the extrusien r 
was accomplished without adjustment by treating 
and lower halves of the hodograph independently. The velocity 
of the billet u was taken as 1 in. when performing the graphical 
The hodographs for the 


and C-C were obtained similarly and are 


construction. remaining boundaries 
A-A 


9(6) and 9(a), respectively. 


shown in Figs 


CONCLUSIONS 


1 The graphical method developed in the paper for con- 
structing Hencky-Prandtl nets is both practical and rapid 

2 The method may be used for nets on both physical planes 
and hodographs. 

8 A comparison of a two-centered fan solution with that ob- 
tained numerically by Hill shows that the error of the graphical 
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Yield Loads of Slabs With 
Reinforced Cutouts 


By P. G. HODGE, JR.,2 anp NICHOLAS PERRONE,* BROOKLYN, N. 


A method of computing upper and lower bounds on the 
carrying capacity of a plane slab with a reinforced cutout 
ispresented. The slab is subjected toa uniaxial load which 
is either uniform or applied by means of a perfectly rigid 
clamp. The results are applied to several examples and 


are found to agree quite well with experimental values. 
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where A is the thickness of the base slab and 2k is the tensile yield 


stress. Since a slab without any cutout can support an edge load 
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Fig. 1 Sias Wits Reinrorcep Curovut . 
Fic. 2 Aw Extreme Loap Conpition Ass 
EpGe Movement 


extreme load condition is to assume a uniform velocity at the 
edges. In this case the actual pressure distribution across the j 
edge is unknown, but the cutout factor Ay(Ay < 1) can be defined 
by 2khAyL = P, where P is the total applied load and L the total 
width of the slab. 

It will be assumed that the dimensions of the hub and slab are 
such that the stress distribution in the base slab may be charac- 
terized by “plane stress,’’ while the hub may be analyzed by gen- 
eral beam theory. Both the hub and slab are assumed to be made 
of a perfectly plastic material which satisfies the Tresca yield con- 
dition and the associated flow law. For such a material in a state 
of plane stress, the theorems of limit analysis (13, 14) state that: 

1 The yield load is the largest load for which it is possible to 
find any equilibrium stress field which satisfies the yield restric- 


2kh 


tion 


max [|01|,  |@2|, | Cz 2k <0 


2 The yield load is the smallest load for which the internal 








rate of dissipation of energy 

D, = 2k max je [2] 
f : Fie. 3 Supine Ov7 
is less than the rate at which the surface tractions do work on the 


md theorer 


surface velocities. al : 
po iis it follows from the sec« 
The two theorems can be used together to provide upper and : , 

: also on upper bound, and hence the ex actor 

lower bounds on the yield load. In the event that these bounds F , : ear " 

tags i : If the edge load is uniform, then Equation [3] still provides 

coincide, the exact yield load must be their common value. How- Pets ‘ ; 
: ipper bound, but Fig. 2 no longer satisfies the stress-bound 

‘ 


to use 


ever, even when they do not coincide, the limits may be sufficiently 24: ms . : 
: . conditions. In this case, it is found profitable 


close together to provide a reasonable basis for engineering analy- : Tab . 

: te I ™ 6 ’ tinuous stress field (4, 6, 7), as illustrated for a square « 
sis and design. : ; an : . : 

Fig. 4. In view of later applications, the general case of internal 

and external loads is considered. The discussion is best con- 


3 Yrevp Loap or UNREINFORCED SLAB 
ks and 2kr, and the 


ducted in terms of the principal stresses 2 
angle 6 between a principal stress and the z-axis. For the ex- 


be verified that the stress solution 


The yield load for a slab with an unreinforced cutout subject to 
uniform boundary motion is easily determined to be ample of Fig. 4 it may 


r —t [3] 


where 2b is the maximum width of the cutout. Indeed, the stress 
distribution shown in Fig. 2 is evidently statically admissible, so 
that 1 b is a lower bound. An upper bound is obtained by 
considering sliding out of the plane at an angle 8 = 45 deg (Fig. 
3). In this case, the internal rate of energy dissipation must be 
computed by a limiting process, and is readily found to be 


D, = kAv = 2khv (1—b)V/2.... .. [4] ms 


Since the external energy-dissipation rate is (2kA) (2h) (v/+/2), satisfies equilibrium and boundary conditions. 
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Fie. 7 Quarter Section or a Square Hvs ror a Squake CuroutT 


As a first example a square reinforcement of a square cutout 
will be considered, Fig. 7. 


Equilibrium of generic Cartesian sections z or y is clearly satisfied 
if 


\ 


M(z) = khp(ab— z*)— Mg | 
N(z) = 0 
Miy)=M, | 
N(y) = 2khyb | 


O<y<a . [135] 


where , is an arbitrary redundant moment. Substitution of 


Equations [13] into the yield Inequality [12] results in 


— (2kH6)* + 8k*Hhu(ab — xz?) < 8kKHM, 


< (2kH6)? + 8k*Hhy(ab — z* [14a] 


— (2kH)* + (2khub)? < SkHM, < (2kH4)* — (2khyb)*. . [14b] 


The extreme right and left-hand sides of Inequality [14a] could 
be considered as separate functions of z for the interval 0 < z < a. 
Obviously, the absolute minimum value of the right-hand side 
occurs at z = a; the maximum value of the left-hand side occurs 
atz = 0. Hence, Inequalities [14] will be satisfied provided that 


— (2kH5)? + 8k*Hhuy ab < 8kHM, < (2kH36)* 
+ 8k*Hhyalb — a) 


— (2kH5)* + (2khub)? < 8kHM, < (2kH6)? — (2khwb)*.. [15d] 


Since M, is a redundant quantity its value need not be speci- 
fied to obtain a statically admissible stress field; it is only neces- 
sary to guarantee that its value will be such that the Inequalities 
[15] are not inconsistent. A necessary and sufficient condition 
that this be so is that each lower limit on M, be less than each 
upper limit. It is readily verified that the largest value of u which 
satisfies the resulting inequalities is 


wu = (a/b) H/h)[—1 + V1 + 2(8/a)*] if 8/a < 2. [16a] 


u = (5/b\H/h) if 5/a>2 . [165] 


Equations [16] represent a solution to the square reinforce- 
ment problem obtained by utilizing Cartesian co-ordinates. 
Hodge (6) has shown that the identical result is produced if 
cylindrical co-ordinates and stress resultants are employed. 

The case of a circular cutout of radius a, reinforced by a circu- 
lar reinforcement of constant thickness 6, may be more con- 
veniently solved with cylindrical co-ordinates, but leads, in fact, 
to exactly the same Equations [16] for uw. If yu is set equal to 1, 
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the reinforcement thickness sufficient to reinforce the cutout slab 
to full strength is obtained. The result is the same as that found 
by Weiss, Prager, and Hodge (1) using a slightly different ap- 
proach. 

Any lower bound equal or less than 1 for the yield load of a hub 
is also a lower bound for a slab with a cutout reinforced by the 
given hub. To see this it is merely necessary to note that a 
stress field in the base slab which is uniform and equal to the 
applied external 
the applied load directly to the hub. 
distribution in the base slab would be far fr 


vdmissible and transmits 
However, the 


uniform, so that 


load is statically 


actual stress 


such a lower bound would be unduly conservative 

For the purpose of obtaining an impr 
analyses of the present section and Section 3 can be combined 
The method of doing this will be illustrated with reference to a 


yved lower bound, the 


circular cutout with a circular reinforcement. Fig. 8 shows the 
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statically admissible stress field to be considered. Regions 1, 2,3 
4 are the same as in Fig. 4 and the stress field is defined by Equa- 
tions [5] to [8]. Region 5 is the uniform-stress field 


™% = 0, & = Hf, 6, = 0 


Obviously, this is in equilibrium with regions 3 and 4. Further, a 
uniform vertical traction of 2kyh per unit length is transmitted 
from region 5 to the hub, region 6. 

The analysis is as follows: The maximum value of yu whic! 
This val 
of u is then substituted into Equations [11} to give a lower bound 
for the load factor \ 


sidered is obvious. 


be supported by the hub is given by Equations [16] 


The extension to the other shapes con- 


5 Lower Bounps ror Retnrorcep SLass—UN1rorM-VELOCITY 


3OUNDARY CONDITIONS 


The uniform-velocity boundary condition could be realized ex- 
perimentally by means of a rigid clamping device on the edge. 
Since the reinforced cutout cannot strengthen the slab it is in- 
tuitively clear that the greater portion of the load will be taken 
by those portions of the slab somewhat removed from the slab 
center line. Therefore, a plausible loading system for a slab with 
a circular cutout and circular reinforcement is as shown in Fig. 9. 
Regions | and 2 are stressed to full yield, while region 3 is stress- 
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A necessary and sufficient condition that a solution of Inequali- 


ties [20] exist is that the minimum upper bound on me is equal or 
is of the fourth 
1aximum and minimum values are not easily 
and since £ is unknown it is difficult to 
use numerical methods even in a specific example. 


greater than the maximum lower bound. Since f 
power in &, the n 
found in closed form, 
However, 
f, is positive and is to be added on the left and subtracted on 


the right, sufficient conditions on the existence of me will be ob- 


since 


tained if f, 
than f;. For ig 


is rer 
; is Te} 


ced by 


bounds were 


Table 1 under 


c onditior sa 











akE REINFORCEMENT 


proposed load scheme is suggested for which it is required to find 
the maximum value of } that will support a statically admissible 
system. The stress fields 1, 2, 3 are the same as in the previous 
case. Because of the geometry of the problem it is expedient to 
Again, all force re- 
sultants can be expressed in terms of a single redundant-force re- 


use here a Cartesian co-ordinate system. 
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sultant. Application of the yield Inequality [12] for the regions 


O<2z<a 
Osysa 


and subsequent elimination of the redundant-force resultant, 


vields two final inequalities 


25a 


[256 . 


} 


Finally, the lower bound emerges upon enforcement of equi- 


5/n 


librium of the rigid clamp 
l1—a-d+hb . [26] 

Obviously, the best lower bound will occur when + is the largest 
number which satisfies both of Inequalities [25] 

Uniform-velocity lower bounds were found for 10 specimens 
having square reinforced cutouts. The results also are enumerated 
in Table 1 under Avi 

6 Upper Bounps on REtnForceD SLaBs 

An upper bound for a slab with a reinforced cutout is easily ob- 
tained by a slight modification of the analysis for an unreinforced 
slab to account for the different thicknesses of the hub and slab 
(3). It is readily verified that the upper bound in this case is 


A=1—b+6/y...... 
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SINGLE 


COMPARISON OF EXPERIMENTAL AND THEORETICAL ResuLts 


Vasarhelvi 


slabs with 


and Hechtman hav 


both reinforced and unreinforce 


‘ srr 


ates i | 
All specimens were stressed under uniaxial tensior 

and had centered cutou 
The results showed that 


tions of the slabs were square 
various shaped reinforcements as the 
load was slowly increased the elongations remained small 
critical value of the load referred to as the general yielding 
was reached Thereafter a small increase of the 
companied DY a disproportionately large increase 
Finally the slab would fracture at a load referred 
mate load. Obviously, the yield load defined in the 
analysis should correspond to the experimentally observed g 
yielding load. 

The specimens tested are shown schematically in Fig. 11 
the cutout factor \ was defined as the ratio of the load carried by 
the slab with a reinforced cutout to the uncut slab en- 
tal value Ay has been computed in this fashion, using the test re 
sults from specimen 1 as a basis. The theoretical 
cutout factor have been computed by the methods of Sections 3, 
4, 5,and 6. The resulting comparisons are shown in Table 1 (the 
specimen numbering is that of Vasarhelyi and Hechtman). The 
second column in Table 1 gives the type of specimen (see Fig. 11 
and the next group of cohimns lists its various associated di- 
mensions. The last 4 columns list the experimental cutout factor 
Ag, and the theoretical bounds. 

Fig. 12 gives a pictorial representation of the results under the 


the experin 


hounds on the 
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TABLE 1 COMPARISON OF SPECIMENS 


~rHeone TICAL (»,) 


>< LOWER BOUND 
(UNIFORM VELOCITY) 


© UPPER BOUND 


0.4 


Cal 


THEORET 


LOWER BOUND 
(UNIFORM LOAD) 


UPPER BOUND 


0.4 0.6 


exper MENTAL \> 


tions 18 to predict 


+ ‘ ; “ + aT , ? T * * ty in 
theory; so tha whl »eXan I oO ese im may partially accoun 


tions more careiull less than those predi 
mensional, to On the other hand, the assumption of perfect plasticity negle 
{ in the hub, certain the additional carrying capacity due to strain-hardening of 


describe the three-dimensional sts of stress 


In using beam theory h is essentially 


stresses were neglected entirely, and others were averaged over material, which may partially explain the specimen which 
the hub. In parti ilar, in cases where the hub is thick relative to stronger than predicted Of course, the comparatively SI 
the base slab, the a in ion that the stress is uniform over the number of specimens [or which obvio nconsistencies €X1 


width is obviously I y As a result, the most favorable stress might be attributed to some T ) experimental error 





92 


Despite the afore-mentioned limitations of the theory and the 
accompanying slight differences with experimental values, ‘t is 
felt that the techniques presented here are sufficiently accurate to 
warrant serious consideration as an analysis and design procedure. 
The lower bounds appear to be generally more reliable than the 
upper bounds and have the further advantage of being generally 
conservative. However, they are laborious to compute while the 
suggested upper bound is absurdly simple. Therefore, it is sug- 


gested that Equation [27] be used for design with the introduction 
of a design factor of about 10 per cent. 
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A Simple Procedure for Improved Accuracy 


in the Resistor-Network Solution of 


Laplace’s and Poisson’s Equation 


By H. G. LANDAU,' NEW YORK, N. Y. 


The necessity for practical solutions of Laplace’s and 
Poisson’s equations arises frequently in engineering; for 
example, in problems of steady-state temperature, electric 
and gravitational potential, incompressible fluid flow, 
It is well 
known that these equations can be solved by resistor 


elastic torsion, and other problems of elasticity. 


networks (1 In this note it is shown that in solving the 


equation 


on 


V*a = f(x, y), 


>*u ou 


where Dx? y 
dy? 


by a resistor network, it is possible to reduce greatly the 
lumping or truncation error by simply adding additional 
resistors to the usual arrangement, without any increase 
in the number of mesh points. 


Reststor Networx Wirs Isupr 


HE usual 


~ 


lt * 
4-—}~8)+- 


m—h — 


a 


Fie. l(a) Networx ror H-OreratTor 
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Columbia University. 
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ASME, 29 West 39th Street, New York N. Y., and will be ac- 
cepted until Discus- 

on received after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 11,1956 Paper No. 56—A-13. 
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parentheses refer to the Bibliography at the end of 


d presented 
30, 1956, of 


April 10, 1957, for publication at a later date. 


a square net of spacing 
representing & point in 


connected to its nearest 


rtional to 


proyx 


are concerned with the Dirichlet problem, i.e., Equatior 


to be solved subject to u having specified values on the bo 


1 


ary, then the boundary nodes of the electric 


ary, network are t 
held at the corresponding voltages according to Equation 
This electric l 

t 


numerically 


network is equivalent to solving Equation [1] 


yy replacing the partial differential equation by the 


finite-difference equation 


Fia. 1(t Network ror 2X-OreratTor 


thy) +oolzy +) 


A? 
)= f(z, y 


or, with the notation of Fig ce quation {1} 
node 0 by 


is approximat 


where f, is the value of f(z, y 

It is convenient to represent the left-hand side of Equation [4] 
by an operator, which, following Milne (2), we call H and repre- 
sent by the stencil 


at node 0 





where the number in each position is the coefficient multiplying 
the value of v at that position. Then Equation [4] can be written 


Hv = h*f..... [6] 


Now it is well known, and physically apparent, that the same 
problem can be solved by using the network of Fig. 1(6), which is 
equivalent to merely rotating the network of Fig. Ifa). The 
corresponding operator and equation are 


Qh =f 


It is also known, in the theory of the numerical solution of dif- 
ferential equations (2, 3), that the operators H and X can be 
combined to obtain an operator that gives a considerably closer 


approximation to Equation [1]. The proper combination is 


K = 4H +2X = 


giving the finite-difference equation 


Kv = 6h2f [10] 


The objection to the use of Equation 110] w hen solving the Pois- 


son equation numerically, especially by relaxation methods, is 
that it greatly complicates the individual steps in the process. 


Therefore it is usual to use the simpler H-operator, and if this 


= i-—C_} —-— 
YW <” LR ™~ 
QV ] Q 
Y 
Y 
I 


nh 


—CI-— 4r 


Fic. l(c) Network ror K-Operatror 
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does not give a sufficiently accurate result, to use H again with a 
finer spacing; and then, perhaps, use Richardson's h* extrapola- 
tion procedure (1, 4). 

The main point here, however, is that when the Poisson equation 
is solved by an electric network, the use of a network equivalent 
to the K-operator instead of H requires only a trivial addition 
This consists in adding diagonal resistors to the network of Fig 
l(a) as indicated in Fig. l(c). Each diagonal resistor has a re- 
sistance of 42, and they are connected to the network only at the 
original nodes. 

To check that this network is equivalent to using the K-opera- 
tor, we write the equation for the currents flowing into node 0 in 
Fig. l(c 


iR 


iol 


and then use Equation 2} and make the In} 


This gives 
20 


which is Equation [10] for this point of 


ACCURACY 


The slight complication of the network introduced by the ad- 


dition of the diagonal resistors is more than justified by the great 


improvement in the accuracy of the result due to reduction in the 


lumping error.* It does not seem to be generally recognize 


much of an improvement in accuracy the use of K in 
Milne (2 


18 zero or a constant, 


has given the maximum error 


troduces 
when f(z, y and it is shown 
same or a similar bound on the error holds for a 


f(z, ¥ In order not to complicate the analy 
cause we are interested mainly in the comp 
consider only the Dirichlet problem Val 


boundary) and also assume that our regi« 


set up a square mesh which is intersected | 
nodal points 

In problems where these conditions are 
problems with the derivative specified on 
curved or irregular boundaries, the m 
error will be that due to failure to satisf 
with sufficient accuracy. These errors 
However, in these problems also, the | 
to satisfy the differential equation in the ir 
be reduced to the extent indicated hers 


It is shown in Appendix 1 that if f(z 
+azr+a 


then the maximum difference between u(z 
Equation [1 


same value 


and v which satisfies Equation 


at the nodal points on the boundary 


h*p*M, 


12096 


where p is the radius of the smallest circle containing the region, 
and 
Ou 
M, = max |DJu' = max 
8 


* There also may be a reduction in error of measurement (as ob- 
served in the example described later), but this reduction has not yet 
been analyzed. 
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This difference is to be compared with the corresponding error 
when the simpler operator H is used; this is (2), without restric- 
tion on fiz 

h*p?M, 


24 


where M, is the maximum of the fourth-order 
Without 
estimated j anf that I quaton 
provement ove! qua ] the error being of order A‘ 


given in which 


lumping ert 
und those for W will 


ht 


If we make the inp 


brackets, that is, in 
3h? 4 


2cR | 


: y) is a function 
otherwise Vf, Vf, and D,*D,? 
nodes ] impiu th I I ana 1 «rut peri values of J at the 


Oru ORMS 
kn OTHER For of equilateral triangles, which i 
If th luect Poisson’s equation is not possible that the first error term is 


convenient I rin the solution using the K-operator may operator has the advantage of aking possi! 


of lower order than A*. We can see what the order will be from _ the next error term also. The equilateral-triangle network 


} quation 3) ppendix | ince uu z, y) satisfies Equation advantage where the shape ol the region 18 such as to 
fl}, then more exactly 


EXPERIMENTAL “ rF Meruotr 


K 
To test this diagonal-resistor network, a problem in the elast 

torsion of as yuare section Was run On the Heat and Mass Fi 
Analyzer at Columbia University. This problem is part 
elastoplastic torsion problem previously treated in this 

where G(s) is defi 5 quation 29 ru Qo The proble m is to find dfx 

satisfies | quation 10) and has the sa i . 

will be of order lov by two in A than tl ! ynvanish V*o = 2G6 


n the right in Equation [20 f j 
on the right in Equati in a square of side a, where G and @ are constants, and 


‘ There are some suggestions in Milne the boundary of the square. Introducing dimensionless 





the equation becomes 


a 

yz on saat wat 

in the unit square with u = 0 on the boundary. This was solved 
with h = 1/6, and because of symmetry only one eighth of the 
square need be treated. The network is shown in Fig. 2(a). In 
order to have comparable values the problem was run again with 
the usual H-network, which had been used before (9), Fig. 2(b). 


Fic. 2(a2) Network ror Evastic Torsion Prositem Usinc Diaco- 


waL Resistors (XK) 


The finite-difference equations for this problem, using the H- 


and K-operators, were solved numerically. The differences be~ 
tween these and the electric-network solutions give the experi- 
mental errors. For this problem the analytic solution in series 
form is also known (10, 11), so that the exact values of u can be 
computed for comparison with the finite-difference solutions, thus 
giving the lumping error alone. All these comparisons are given 
in Table 1. 

The improvement effected by the use of the diagonal-resistor 
network K is apparent. Lumping errors are about | per cent of 
those using the usual network and are negligible in comparison 
with the experimental errors. The accuracy of the K-network 
here, using only six points, is quite adequate for engineering pur- 
poses as can be seen by evaluating the torque and maximum 
stress from the network values. For example, for the torque 


M, =2 f f udédn 
A 


we get M, = 0.1406, using the K-resistor-network values and the 
approximate integration formula given in Appendix 2. This 


TABLE 1 


Node no. 
Solution 
1 Series 
2 Finite difference: K 
3 Finite difference: 
4 Resistor network: 
5 Resistor network: 
Lumping errors 
6 K (line 2—line 1) 
7 H (line 3—line 1) 


Diagonal (K) 
Usual (H) 


Experimental errore 
8 K (line 4—line 2) 
9 H (line 5—line 3) 


CALCULATED SOLUTIONS OF EQUATION [28] AND ERRORS 
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agrees exactly with the value calculated from the series solution 
in Timoshenko and Goodier (11). The same accuracy could be 
obtained with the H-network only by making runs with h = 1/12 
as well ash = 1/6 and then using h? extrapolation (9). 

The experimental errors given by the usual H-network, about | 
per cent, are what is to be expected on problems of this type (9). 
The fact that the K-network shows smaller experimental errors 
may be due to the extra care which is expected whenever a special! 
test is run. However, it is believed that there is an additional 
effect toward the reduction of experimental errors as a result of 
the added resistors. Further study will be needed to establish the 
existence of this effect 


Fic. 2(6) Uscat Networx ron Exvastic Tonston Prosiem (H) 
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Appendix 1 


To arrive at a bound for the error using the K-operator, we de- 


fine an auxiliary functi 
th, y u y +th)+u(z th, y 
th, y> th) 
th [29} 


Git) = 4[u(z + 


G(s [32 
where 0 < 2 < 
of u(z, y) 1s assumed 


u(z, y), we use t 


+ Dulz, y + th 
+ (—D,*u(z, y — th) 
D, + D,Yulr— th, y + th) 


where, for example 
0*u 
(D, — D,)*u(z + th, 3 — 
‘ . dr*dy 


oFu d*u 


drdy* —s y* 


evaluated at the point (z + th, y — th). 
Now, calculating Equation [32] and using Equation [31], we get 
the desired expression for the difference between Ku and V*u 


Ku — 6h°V%u = — AV 


a 


] l 
— he (T8u + 2D,2D, 0%} + — G(s). ..... [33] 
00 & 


Vu a VV "x = (D,? 4 DS y*uz y) 


Equation [33] holds for any function u having eighth derivatives. 
If we now consider a function u which satisfies Equation [1] with 


f(z, y) = aory + az + ayy + as.... [34] 


then in the interior of the region 
Diu = —DID Yu = Du 


Du = —D,'D,%u = DZD,‘u = —D,*u. 


DJu = —DSDu = D,AD,u = —DAD Su = Du 
and we find 


iG %s)i < S0A'M, 


M, = max |D,*u 


(for D,*u we can substitute any of the eighth-order derivatives in 
Equation [35]). 
It follows that 
h'M, 


6A°*V*ul < [37] 


Ku— > 
504 


We do not know u(z, y), which satisfies Equation [1 ], but instead 
v, which satisfies Equation [10] and has the same values at the 


> 


nodal points on the boundary. Using a theorem of Milne (2), we 


get the result which he stated for Laplace’s equation 
_ pM, ‘on 
7 < [38 } 
12,096 
where p is the radius of the smallest circle containing the region. 
ad 


Appendix 2 


The following approximate integration formula is useful for 
functions satisfying Poisson’s equation: 
To evaluate 


h h el i 
l= f f , Ws widady = mf f , “sh, th dedt 


we expand the integrand, and write uw for u(0, 0), then 


l el i? 
I<)? | ue + A(sD, + tD,)ue + = (sD, + tD,)*we 


-j 


ht 
+ — (sD, + tD,)uo +.. | aa 
3! 


A? 
= 4h? E + — (D,* + D,*)ue 
0: 


: 6 D,4 
— 4. — Dt? + *- ) (6, h, sh) 
5 9 2 y 5, \“1 »| 


with |R| 


h? 
I = 4h (u. +> fe) + O(h*) 





Stresses and Displacements in an 


Elastic-Plastic Wedge 


By P. M. NAGHDI,? ANN ARBOR, MICH 


An elastic, perfectly plastic wedge of an incompressible 
isotropic material in the state of plane strain is considered, 
where the stress-strain relations of Prandtl-Reuss are em- 
ployed in the plastic domain. For a wedge (with an in- 
cluded angle 8) subjected toa uniform normal pressure on 
one boundary, the complete solution is obtained which is 
valid in the range 0 < 8 < 1/2; this latter limitation is due 
to the character of the initial yield which depends on the 
magnitude of 8. Numerical results for stresses and dis- 
placements are given in one case (8 = 7/4) for various 
positions of the elastic-plastic boundary. 


INTRODUCTION 


LTHOUGH the general theory of plane strain for rigid, 


perfectly plastic material (unrestricted plastic flow) and 

its application have been explored successfully in recent 
years,* complete solutions to problems of plane elastic-plastic 
strain (contained plastic deformation) have been possible in only 
a few cases, where the elastic-plastic boundary is determined a 
priori by symmetry considerations teferences to existing solu- 


tions of plane elastic-plastic strain (in the theory of perfectly 


plastic solids) may be found in Prager and Hodge (1, Ch. 4 and 
7), Hill (2, Ch. 5), Koiter (3), and in a recent paper by Shaffer 
and House (4).‘ 
thick-walled circular cylinder subjected to internal pressure (1, 
Ch. 4), a complete solution in closed form can be deduced (by 
using the stress-strain relations of Prandtl-Reuss) only if the ma- 


Even for axisymmetric problems, such as the 


terial is assumed to be incompressible in both the elastic and the 
plastic ranges; otherwise, the integration of the differential equa- 
tions involved is accomplished by numerical methods.’ 


The present paper, employing the stress-strain relations of 


1 The results presented in this paper were obtained in the course 
of research sponsored by the Office of Naval Research, under Con- 
tract Nonr-1224 (01), Project NR-064-408, with the University of 
Michigan. 

* Professor of Engineering Mechanics, University of Michigan. 
Mem. ASME. 

3 See, for example, reference (1), Chapters 5 and 6; and reference 
(2), Chapters 6, 7, 8, and 9. Numbers in parentheses refer to the 
Bibliography at the end of the paper. 

* Available solutions obtained by total strain (deformation) theories 
of plasticity, as in (12) and the first portion of (13) are ruled out here. 
It also should be mentioned that the results given in the last portion of 
(13) as well as (14), both dealing only with the stresses in an elastic- 
plastic wedge as a statically determinate problem, are incorrect. Ref- 
erence (12) was called to the author's attention by Prof. W. Prager. 

§ An exception is Koiter’s solution in closed form for a thick-walled 
cylinder of a compressible elastic-plastic material, subjected to inter- 
nal pressure (3); this solution was obtained by employing Tresca’s 
singular yield condition and associated flow rules. For an exposition 
of the use of singular yield conditions and associated flow rules, see also 
reference (5). 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 25-30, 1956, of 
Tue AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April [10, 1957, for publication at later date. Discussion re- 
ceived after the closing date wil] be returned. 
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For future purposes, we first record the values of the constants 
a, b, c, and d when Solutions [9] and [10] are subjected to the 
boundary conditions 





oe 9;) = 0}, C4 ti] 
11] 
oe 82) C2, oa 0, 


and then deduce, as a special case, the values of the constants ap- 


propriate for a wedge of included angle 0 < 8 < 2x uniformly 
loaded on one boundary, as shown in Fig. 1. Thus the constants 


of integration determined by Equations [11] are 
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DISTRIBUTION OF CIRCUMFERENTI 











InrTIAL YIELD AND THE Exastic-P! 
Since s, = —és, the Yield Condition [6] 
15) 
the left-hand side of which, by Eq iations [10] and [14] for the 


wedge shown in Fig. 1, can be written as (p/2«)*f(@), where 





f(8) = [tan? 8 + 2(1 — cos 20) — 2 tan @ sin 26] . . [16] 


Hence, yielding begins at the values of 8 for which f(@) attains 
its maximum value. An examination of Equation [16], together 
with its first and second derivatives, reveals that, depending on 
the magnitude of the wedge angle 8, f assumes its maximum at 
different values of 6. Thus, in the range 0 < 8 < 2m, plastic flow 
will first set in at one or more values of (0 < @ < 8), as given in 
° Table 1. For example, in the range 0 < 8 < 7/2, f is a minimum 
at 0 = 8/2, and will attain its maximum simultaneously at @ = 0 
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and@= 8. For 8 = 2/2, the right-hand side of Equation [16] is 
independent of 6 and » entire region becomes plastic when the 
load reaches the value (2k) 

In the remainder of this paper, attention will be confined to 
wedge regions of which the included angle has the range 0 < 8 < 
x/2. As seen in Table 1, yielding for this range of § will begin 


itaneously he outside surfaces when the pressure has 


WHICH SIN EQUAT 
< 2*,18S A MAAIMI 
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Since the loading is assumed increase MoI 

as in previous elastic-plastic investigations, it is convenient t 

terpret the dot as indicating differentiation with respect to ¢ 

which, when necessary, will be identified with either @, or ¢, 
As radial slip is not permissible along the elastic-plast 
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Fic. 8 CIRCUMFERENTIAL DISPLACEMENT AT 
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boundaries, it follows that the displacement u, must be 


4 linear 


function of r also in the plastic domain, or simply of the form 
u, = re(0, od 


Substitution of Equation [22] into [21], followed by an integra- 


tion with respect to ¢, yields 
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where, without loss of generality, the arbitrary function of 6 
and A, which 


o*e, 
06? 


arising due to integration has been set equal to zero, 
is proportional to the rate at which stresses do work, is given by 
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, - a (8, + Sey 


+ 20,064 24 


By Equation [2] and since e, = 0 
| \<] z 


€,1€9:€, = €,:€9:€, = 1:—1:0; 0 < gd; <@& < | 25 


at P, for all states of contained plastic deformation. Moreover 
in view of Equations [19], [24], [25] and the continuity of 
stresses at d, and @», the stress-strain law of Prandtl-Reuss, Equa- 
tion [6], demands that at P 


= 8,:89:8, = 1:—1:0; 0<G@ <&® <8 [26) 


where at a fixed value of r and 6, X = X(¢). 

According to Equations [26], s, and sg have the same absolute 
value throughout the wedge. Hence, the quantity (s, — sg) = 
—2s9 and, with the aid of the Mises Yield Condition, Equation 
[20a] in the plastic domain becomes 


00-6 


06 


= +2(k? 0,9*| /? [27] 
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Integration of Equation [27], together with [15] and [26], re- 
sults in 


o0&9, 6) = +k sin 2(0 


sf 8, b) = 3{0,@) = +k cos 2(0 Y 
¥(@), and the question of the appropriate signs in 
The 


mean normal stress, in the plastic domain, is determined by sub- 
to 03/080 = 0. or 


where y = 
each of the two plastic regions will be disposed of presently 


stituting Equations [28] into [206], which lead 
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In the limit of fully plastic state, the components of stress in 
the two plastic regions, given by Equations [32] and [33], reduce 
to the known results for a wedge of a rigid, perfectly plastic ma- 
terial, where @ = ¢ = @; = §/2 (separating the two plastic 
regions) is a line of stress discontinuity. It may be noted, how- 
ever, that this limiting result (as in the analogous case of the bend- 
ing of a wide beam by terminal couples) is achieved only after an 
infinite amount of straining. 


NUMERICAL ExaMPpLE—CONCLUSION 


We now consider a numerical example and assume 8 = 7/4. 
For this particular case, Fig. 2 shows the values of the elastic- 
plastic boundaries ¢ and (8 — @) corresponding to given values 
of p/k which, in the range of contained plastic deformation, is 
bounded by p*/k and p**/k. The resulting stress distributions 


and displacements, in this case (8 = 2/4), for various positions 
of @ are shown in Figs. 3 to 9. 

In conclusion, it may be mentioned that while the validity of 
the foregoing elastic-plastic solution is limited to wedge regions 
with included angle 8 < 2/2, many features of the analysis pre- 
sented are also applicable to other ranges of values of 8 and may 
be extended to cover wedge regions exposed to more general uni- 


form surface tractions. 
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Beams with uniform strength subjected only to bending 
have the same maximum flexural stress at any cross sec- 
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height to width as well as for circular beams. I: 


» effects of shear are neglected so that, at sections w! 


1g moment vanishes, the cross section of the bear 
Practic ateri 
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provided to withstand shearing loads and that buckling be 


comes zero al design requires that additional n 


s rectangular beam, h/b becomes large 


DEFLECTIONS 


of curvature p for a beam subject only to bending is 
which £ is Young’s modulus, /(z) the moment 
tion z with respect to the neutral axis, and M 
the same section. For a beam of constant strengt! 
+2eI(z)/h(z Fh(z)E/2c). For beams 
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so that p{z) = 


ints of inflection; ¢ is the assigned maximum flexural 
This relation 


stress at a section, and p is the radius of curvature 
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antilever and simple beams are easily visualized. 
beam of uniform strength is impossible in accord- 
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beams 


ptions. Instead, fi 
combinations of simple and cantilever 
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1 illustrates the case of the rectangular beam 
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with constant height for which p has a fixed magnitude. The 
radius of curvature is reduced for clarity. Since the slope y’, is 
required to be continuous, by geometry the points of inflection, 
marking the ends of the cantilever sections, occur at one quarter 
of the span from either end. If, through some strategem, discon- 
tinuous slopes can be tolerated at the points of zero moment of a 
constant-strength beam fixed at both ends, the mid-section can 
be made to take any length from zero up to, but less than, full 
span. To provide for the practical support of shear additional 
material must be provided, or even a pin-type connection may 
be used at the points of zero moment. 


RECTANGULAR Beams Or UN1roRM StrRENGTH HavinG Constant 
HEIGHT 

Fig. 2 shows a beam having specific weight y subjected to a uni- 

formly distributed load of intensity g. The bending moment is 


section r 


negative when the upper fiber is in tension. At any 


ad ~ 
gz*/2 — ¥ a A(éXz 


M(x) = —My + Ret 
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Section or Beam or Constant Strenotu Hav 
FORMLY Distrisutep Loap 


where y is considered constant and A(£) is the cross-sectional 
area at any section — In order for the beam to have uniform 
strength, this bending moment must have the value o Z(z), where 
Z(z) is the section modulus, so that 

+ 20 1/h = —My + Rox — gr?/2 
Since h is constant, A(f) = 
A beam with rectangular cross section 


hb( £). 

(a) Cantilever Beam. 
having constant h and a uniformly distributed load has a de- 
fining relation for the width which is an integral equation of the 
The origin is taken at the free end 


z 
qu?/2 — yh { WEN x E)dé 


The left-hand term is negative because the bending moment is 


convolution type 


ch? b(x)/6 = 


negative over the span 
The solution may be obtained readily using Laplace transforms. 
The transform of Equation [3] is 


ch*b(s)/6 = q/s* + yhb(s)/s? 
Therefore 


As) = 64 ch? s(s? - 6y/ch J) 


The inverse transform of Equation [5] gives the equation for 
the width 
bi z= 


-~1)/yh 


q(cosh az 
In this and subsequent equations 
a= 


6y/ah)'/* 


The weight of the beam is 
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PL 
W= vf, i(x)dx = (q/a)(sinh aL — al 


b) Simply Supported Beam. The defining relation for 


simply supported beam of rectangular cross section with const 
height is, with origin taken at one end 


oh*h(x)/6 
in w hic h 
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The Laplace transform of Equation [9} is 


ch2hls)/6 = Re/s* qg/8 
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in which R, for any particular beam is a constant 
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ising Equation [13 
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length D 
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As seen in Fig. 1, D is the length of the simply 
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The weight of each cantilever section is 
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where C is the length of the cantilever portions 


The moment at any cross section of the cantilever m 


tained by putting Equation [18] into Equation [1] (i 


= 0 and Rp is replaced by Ro) and integrating 


Miz ( a*)\tan(aD/2) sinh az + cosh az 


{t the wall 


Vo = (q a*)[tan(aD/2) sinh aC + cosh af 


For D = 2C = L/2, the appropriate relations for cross section, 








MARCH, 1957 


weight, and moment of cantilever and mid-section may be written 


directly. 
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RECTANGULAR BEAMS 


The deflection relations hold for the neutral plane of a beam. 


For a rectangular beam of constant width, the height must vary 
rom zero at points of zero moment to maximums at points where 


the moment is maximum. The radius of curvature approaches 
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sections 
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Rectangular beams having constant ratio of width 
and beams with circulur cross sections may be treated i 


fashion 


EXAMPLES 


Results are given in Table 1 for 50 in. of 100-in-long rectangular 
simple and cantilever beams 150 pef, 
100 psi, 10 in 


Fixed constants are Y= 


g = q = 20 \b/in., either 6 = 10 in. ork = 
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TABLE 1 RECTANGULAR CROSS-SECTION BEAMS OF UNIFORM STREN 
(q = 20 Ib/in., either [6] or [A] = 10 in., ¢ = 100 psi, y = 150 pef, L (simple bea 


Distance from end of beam (in 0 10 30 40 


Beams with A = 10 in. 
Cantilever 0.61 2.46 5 67 
Cantilever (neglecting y 0.60 2.40 5.40 
Simple - ) 10.90 29 00 26.89 
Simple (neglecting +) . ) 5.40 9.60 12.60 
Beams with 6 = 10 in. 

Cantilever...... _~— } 2.49 5.07 74 
Cantilever (neglecting +) ) 2.45 4.90 35 
Simple. .. 9.85 2.75 13.85 90 15.50 1052 
Simple (neglecting 7) 7.36 81 11.24 01 12.27 1384)¢ 

® These are weights of 50-in. cantilever beams and 100-in. symmetrical simple beams having uniform cross 
section (6 = 10in., A = 15.9in., or A = in., 6 = 43.2 in.), which have maximum fiber stress = 100 psi 


SIMPLE (NEGL WT) 
- 


Fic. 4 Beam Hetcut (Constant Wivts 


1r 100 in. simple beams having uniform rectangular cross sections 


ta 
fb = 10in.,A 15.9 in., or? 5.2 in., A = 10 in. will, when 


loaded identically.to the example beams, have fiber stresses which 
Fic.3 Beam Wiprs (Constant Heicut) vary to a maximum of 100 psi 
strength with constant height 
Fig. 3 shows the variation of width with length for « : 
and simple beams of constant height with and without consi: 
tion of weight. Fig. 4 shows the variation of height for be 
constant width. fer appreciably from thes 
The difference between the shapes of the simple beams of con indeed the case, as may be 
stant height with and without weight consideration is largely lorm-section beam may require 
to the fact that, in this example, the weight of the beam is of 
same order of magnitude as the total loading. Hence Ro ACENOWLEDGMENT 
the beam with weight considered is appreciably more than t The authors acknowledge gratefully a derivation suggested by 
of the beam with weight neglected. the reviewers which has been incorporated in the revised form of 
For purposes of comparison, the end 50 in. of cantilever beams, _ the paper. 








On the Stress Distribution at the Base 
of a Stationary Crack 


By M. L. WILLIAMS,* PASADENA, CALIF. 


In an earlier paper it was suggested that a knowledge of 4 previous investigation (7) the plane-stress distribution near 
the elastic-stress variation in the neighborhood of an he vertex of an infinite sector of included angle a@ was con- 
angular corner of an infinite plate would perhaps be of red for various combinations of boundary conditions. For 


value in analyzing the stress distribution at the base of a he particular purpose of this paper it is desired to consider the 
V-notch. Asa part of a more general study, the specific » where the two radial edges of the plate are unloaded and the 


case of a zero-angle notch, or crack, was carried out to included angle approaches 27. It has been shown that stress 
supplement results obtained by other investigators. This functions, i.e., solu f for 
paper includes remarks upon the antisymmetric, as well 
as symmetric, stress distribution, and the circumferential 
distribution of distortion strain-energy density. For the 
case of a symmetrical! loading about the crack, it is shown 
that the energy density is not a maximum along the direc- 


. . F ; litions of stress-free edges along 
tion of the crack but is one third higher at an angle + cos ; ——., 
hosen : » positive roots of 


(1/3); i.e., approximately +70 deg. It is shown that at the 
base of the crack in the direction of its prolongation, the 
principal stresses are equal, thus tending toward a state of 


to the 


(two-dimensional) hydrostatic tension. As the distance For the ‘ cs = 0 res 4Ing 
from the point of the crack increases, the distortion strain t the eigenequatior 
energy increases, suggesting the possibility of yielding = 0, thus requiring A 
ahead of the crack as well as +70 deg to the sides. The 


maximum principal tension stress occurs on +60 deg rays. 


and yielding the stress function 


For the antisymmetrical stress distribution the distortion 
strain energy is a relative maximum along the crack and 
60 per cent lower + 85 deg to the sides. 


ANY 


stress dist t ur r ( i “wIth some o! the « 


pre y 
ho studied 

interna! cra ising elliptical bounding surf 

set up an ener riterion tor crack instanuit 

initially treated the crack problem in the 

ploited in this par }), as well as by the compl 

nique in a later paper (4). The stress distrib 

cracks also has been examined photoelastical 

tempt to m« re isochromatic-fringe patter 

application ap] 1 

cently Post (6) has; \ j le interesting res of hi oto ’ : . . 

elastic onpservati me. % ae a ee parts. Rags ish 
It is the pur; 

investigators ir 

further understanding of the t tress distr n at the ba ; n/2) = F if: 2) = F’(2z, n/2 


to Equations [3-6] this im 


of a stationar > 
yur homogeneous bou 


be determined 


1 This investi , the National Ad nditions permit three of the four c; constants to 
visory Committe: Aeronautics, und r t NAw-6431 1 ter! f the fourth In this case, however, all four bound 


* Associate Profs w, California Ir conditions in be satisfied by 


* Numbers in eses refer t 
paper. 
Contributed by the Applied Mechanics Divisi 
the Annual Meeting, New York, N. Y., Novembe 
Tae American Society or Mecuanicat ENGINEERS 
Discussion of this paper should be addressed 
ASME, 29 West 39th Street, New York, N. ¥ 
until April 10, 1957. for publication at a later 
ceived after the closing date will be returned 
y iMetementa and aninions advanced in nan se te : 4 
eee livi a el ce of ow -. ee Rd nd m4 a - where the first term is equivalent to that used by W estergaard (3). 
the Society. Manuscript received by ASME Applied Mechanics to a more convenient alternate form of expressing 
Division, March 21, 1956. Paper No. 56-—A-16 Equation [7] in terms of the bisector angle y = § — g, the stress 


Turning now 








(b) FORKED CRACK 


Fic. 1 GrometTry 


function x(r, ¥) can be split into its even x,(r, y) and odd xo(r, 
y) parts with respect to y (Fig. 1) 
n+ - 


1)"~'a2,-1 F 


Xolr, y) = 


> 


3 
[sin (: 7} y — sin (» + 
+ 1)"be,r” *! - sin (. 


n 


2n—3 . rs ‘ 
4 aon jal , 
2n + 1 aes, Nag 2 ¥ { 


It should be observed that even though the field equation and 
the boundary conditions along the radial edges are satisfied, the 
constants a; and b; are undetermined. Their values of course de- 
pend upon the loading conditions; more specifically, either upon 
the boundary conditions at infinity in the case of an infinite sec- 
tor, or upon those at some fixed radius when the plate has finite 
dimensions. For the latter practical case, which includes the 
problem under consideration, all the higher eigenfunctions in 
general will be present in order to determine a solution in the 
large. 

Upon writing out the first few terms 


rl? [« ( cos ¥ cos +) 
‘1.80 8 
+ b, ( sin ¥ - sin *) | 
a 


cos 2] + O(r'/*) +... [10 


xr, )) = 


T aer?| l 


from which the associated stresses may be found from Equations 


[4-6] as 


oS a, ser . by 
res \@ | 5 cos 9 + cos 9 ] 
¥ + 3sin dl 


a b; | —5 sin { 


+ 4a, cos* y + O(r' +... 


¢,(r, y) = 


l 
Cyl\r, vy) = 4r'/2 sa [ 3 cos 


Trey r; y) 
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3y 
2 
3 
+ bh | 3 sin 3 sin | 


+ 4a; sin? Y + O(r'/*) + 


Keg v 3y 
= re A ‘ sin 2 2 


+ by os 
9 
- 


2a, sin 2y + Of; 13 


sin 


the stress 


Before proceeding further, it is convenient to identify 


state which is multiplied by the constant as, viz 


cos 2y) = 2azr? sin? ¥ 


azr? l 
In the Cartesian co-ordinates analog of 
stresses are 


las, o 0, 


o, = a 
For most cases of interest, including the usual tension and |! 
specimens, ¢, along the edge z = Ze (see Fig is zero 
for these cases ¢, = 4a; = 0 and thus Equat 13 
spect to the radial variation are all of tl 
and the local stress variations in 

rack, r — 0, are proportional 
contribution of the first term 
loaded, however, say by a unif 
would have to be superimposed 

It is convenient at this point to compute 
| photoelastic analysis sper ifieally 
to the 


stresses, which is proportional sopac 
difference of the principal stresses 
isochromatic lines. 


Thus 


The direction of principal stress is found from the condition that 
¢ 


the shear stress, 7,,, on a plane whose normal is inclined at an 


ne 


angle a to the radius vector vanishes 


v sin? v sin 2a | a, + 
2 2 


= ( 


The angle 8 of a stress trajectory with the z-axis, Fig. 1, is then 
B=yY¥+a. Also the total strain-energy density 
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SYMMETRICAL Stress DistTRIBUTION 


For the sake of simplicity it is convenient to analyze the two 
' 


types of solutions separately; the symmetric solutions, i.e., b; = 0, 

are perhaps the more common, occurring, for example, in the case 

of an edge crack in a thin plate subjected to bending or tension. 
Specializing the stresses and the other quantities to this case 


gives 


i 
3y 


pes 
| 3 


“See 


It is observed that, for this « 


homogeneous material, the stress system represented by 


the characteristic square-root singularity 


4), and others 


term possesses 


ioubd Dy 


Inglis (1), Westergaard ilso, the shapes of the 


isopachics and isochromatic fringes are in agreement with photo- 
elastic data obtained by Post (6 


at GALCIT 


teresting features which, be« 


wroborated independently 


In addition, however, there are certain other in- 
ive simplicity of the 


previous expressions, becon 





o) SYMMETRIC CASE b) ANTISYMMETRIC CASE 
TIS 
nar“? |1-2 sin® y 


IsocHROMATIC-F RINGE PATTERNS 


I} e first of these relate s to the observ ition that the shear stress 


rack y =U The 


principal stresses as ex- 


is zero along the line of propagation of the 


og, and oy stresses must therefore be 


per ted, but moreover from Eq iation [29) the stresses are 


equal 
a, (0) — a.(0 


In other words, at the base of the crack there exists a strong tend- 
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(a) SYMMETRIC CASE 








(b) ANTISYMMETRIC CASE 


Fie. 3 Princrpat-Stress VARIATIONS 


ency toward a state of (two-dimensional) hydrostatic tension 
which consequently may permit the elastic analysis to apply 
closer to the point of the crack that was hitherto supposed, not- 
withstanding the square-root stress singularity. 

In order to investigate this point a bit more fully, particularly 
for the higher terms in r, i.e., further away from the crack point, 
more terms can be considered in Equations [23] and [24] to ob- 


tain, for Y = 0 


a,(7, 0) = 


oy(r, 0) = 
'34] 


from which it may be concluded that, if the constant loading term 
a, = 0, the principal stresses are equal up to the linear term in r 
From the previous relation the difference between the stresses can 
then be written 


1)"2a,,,(2n — 1 


Therefore the principal stresses wil] become progressively unequal 
and the tendency toward hydrostatic tension reduced as the dis- 
tance from the crack increases. As a matter of interest the stress 
trajectories for the lowest eigensolution, n = 1, are shown in Fig. 
5 and they are observed to be of the interlocking type which ex- 
plains the apparent contraction that 8 = +72/4 for y = 0 from 
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b) Antisymmetric 


Strain-Eneacy-Density DistrisvtTions 


Equation [30]. The equality of the principal stresses leads to a 
locus of isotropic points 

Another interesting characteristic of the solution is shown in 
Fig. 4 which shows the variation of distortion strain energy as a 
function of angle for a fixed radius. Because of the afore-men- 
tioned hydrostatic tendency, the maximum energy of distortion 
does not occur along the line of crack direction, but rather at 


i* 


y = =cos 1/3 +70 deg 


where it is one third higher 


stress as 


The previous results also give the principal 


a a sWa ] 
uL 2J 


r 


*? occurs at v 
~! (1/2) = 2/3 at which angle the stress trajectories are 
8 =0,7/2. The maximum 
shear stress Tmax = 1/2 (0; — a2) oriented at 8 = w/8, 5x/8, y = 
@/2 and equals exactly one half the hydrostatic tension value to 
which the normal stresses are subjected along Y = 0 at the same 


for which the maximum value of (34/3/4)(—a;)r- 
= cos 


parallel to the z, y-co-ordinates; i.e., 


radial distance. Some of the foregoing properties are summarized 
in Fig. 6. 

Finally, the radial and circumferential displacements on the 
free edges from Equations [23] and [24] are found to be zero and 
+4(1 + v)~‘ar'/*, thus leading to the expected fact that the two 
faces will have closed together and overlapped under a compres- 
sion loading, an impossible situation by itself requiring a, = 0 
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Srress DisTRIBUTION 


recent experimental evidence of Fo 
illed to the author’s attention by 8. R. \ 
ich nd © substantiate the remarks concerning ar 
elding off the crack direction, presumably +70 d 

mmetrical loading 
because the stress becomes nonhy i! 
t 


e point of the crack increases, by Equa 
reason therefore t ct a yielde 
f the crack also, although not 


ren 


0 suspe t 
r AS Se Vere 
As a second concerning the directior 
forking, it is I i that slow oving cl 
propagate more or less straight.‘ Be some 


rk Yoff has dis« 
tion of a running crack due to its velocity ar 
aterial is such that a crack propagates in a 
aXxitr 


apparently 


um tensile stress (which, incidentally, is 
has assumed; indeed aside from the principal stresses 
cr = oy), there is a critical velocity of about 0.6 times the velocity of 
shear waves in the material above which the crack tends ti 
curved. be of value to supplement her work by testing her 
hypothesis with respect to the maxim rincipal tensile stress; it is 
spected, however, that the results will be qualitatively the same be- 
cause, as she has remarked and as is shown in Fig. 6, the stress field is 
relatively uniform over a wide ! 


it of the crack. 
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however, it may be worth noting that any arbitrary crack will be 
subjected simultaneously to both symmetric and antisymmetric 
loading. In this connection it is observed that for the antisym- 
metric contributions the relative maximum and minimum ener- 
gies, for example, tend to negate the effects which occur for a 
symmetrical loading. One might therefore conclude that for 
randomly oriented cracks there would be no preferred direction 
that the crack might take upon moving, with macroscopic struc- 
ture and rate-of-energy release being controlling factors. On the 
other hand, it may be possible to relate the maximum principal 
tensile stresses occurring at +60 deg, in the neighborhood of the 
maximum distortion, to the angle crack-forking phenomenon 
shown, for example, by Post (6) or in Fig. 1(6), although again 
for metals as opposed to plastics the effect of crystal orientation 
and slip planes probably would be quite strong. 
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The Effect of a Circular Hole on the Pure 
Twist of an Infinite Strip 
OSAMU TAMATE SENDAI. JAPAN 


In a previous paper by the author (1),* a theoretical solu- INTRODUCTION 
: : : Capt ita a , , 
tion for an infinite strip with a circular hole under plain The problem of the stress distributions that arise when a per- 


. . c. . t y . : cy .. ‘ , 
bending is given by the method of successive approxi forated or notched isotropic plate is bent by transverse couples 


mation. This method demands laborious calculations.  ,)..4y has received some theoretical attention in certain special 


> 


— ; - , . : imini by ) f 
However, it seems that the labor can be diminished by cases. Using the Poisson-Kirchhoff theory of thin plates (2 


employing the method of perturbation. In this paper, (G,. dior (3 has investigated the influence of circular and ellipt 
11e! 1AS INnVesS inhuence I Mar ane Lil 


the effect of a circular hole in an infinite strip under the po). on the } 


ending Of thin plates Lee (4) has given the 


state of pure twist is investigated with the help of the per- ti lution of the problem in two fundamental case 


two symmetrically disposed h 


turbation method. The maximum deflections on the 
rim of the hole and the maximum stress couples in the 


liscussed simular 


strip are calculated and plotted versus hole-diameter } ' ; r and «¢ 
Ant ria ( : ne > : Mar ana 


strip-width ratio and Poisson’s ratio of the plate ma- . ng of | ol > (7) with the 


terial. Here the strip is considered subjected to the : Lae wre : a Ee = al 
os _ . : a. 3 ompiex vari ables has solved the Sf 1a pl ate under 
limitation of the Poisson-Kirchhoff theory of bending of 
thin plates. 
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PRELIMINARY RESULTS 
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so that £, », p are co-ordi- 
nates measured in a unit equa! 
to half the width of the strip 
and J is the radius of the hole 
measured in the same unit. 
The strip will be considered 
subject to the limitations of 
the Poisson-Kirchhoff theory 
of thin plates. Accordingly, 
it is assumed that all lateral 
dimensions are large and all 
deflections small compared with 
strip. 








the thickness of the 
The differential equation for 
the transverse deflection w jg 
then given by the theory as 


DV‘w = p [2] 
where p is the pressure applied to the surface of the strip, and D 
is the flexural rigidity of the strip. The stresses are represented 
by their force and couple resultants. In Cartesian co-ordinates, 


they become 


‘ Dt , >? . 

M..«- D( y+ ), 
oz? oy? 

M, = 


O*w 
-M,, = Xi —v) —, 
Oroy 


Vt 


where M, and M, are bending couples, M,, and M,, are tor- 
sional couples, and Q, and Q, are transverse shearing forces. 
Each is expressed per unit of are length, and the z and y sub- 
scripts refer to action on the sections c = const and y = const. 
respectively; v is Poisson's ratio of the plate material 

In the polar co-ordinates defined previously, Equations [3 
are transformed into the following, for actions over the sections 


const 
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With these notations, we shall seek the solution for the case 
where the strip is twisted, with Oy as the axis of twist, by tor- 
In this in- 


stance, since the middle plane of the strip is free from lateral 


sional couples of a total amount 4H, at infinity. 
loads, p is equal to zero; w is then a plane, single-valued, bihar- 


monic function. Provided that the straight edges of the strip 
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and the rim of the hole may both be stress-free, the boundary 


conditions of the present problem are expressed as follows 
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The first terms in these expressions have singularities at the cen- er 
ter of the hole, while the second terms are regular The second n straight 
terms are constructed so that they produce, on the straight edges arranging 
of the strip, stress resultants canceling the values of uw, and v. 

due to the first terms. It is also to be observed that differenti > 7 
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Qu except for p = 0 and p = —1, when 


—Jate-i.0/(n 


(sinh x)**? 
ations [17 in the form 
Therefore we obtain [19] 
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(sinh z)—@*%dz/2"*! 


For s = Oand s = 1, we have 
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where 


For s > 2, the following recurrence formula is obtained 
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In a similar way, it can be proved that 


We now substitute Equa 27 28 
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Substitution into Equations 


where the upper limit ¢ of the sumn 1 in Equations [31 
the value (r — 1)/2 when r is an odd integer and r/2 whe 
f the coefficients 


where an even integer. 
T for ¢ ’ 
The procedure for the determination of 
Pon, and gn is then the following: 
and )g,," from Equations [29]. By using these values 
are computed from Equations [30 


first determine 


on and & Gon Similar 
operations are carried out successively by the repeated a} 
tions of Equations [31] and Equations [32] for r = 2, 3, 
It may be noted that the foregoing solution is valid in so f s 
The proof of convergence seen 


the Series [27] is convergent. s 
rather difficult to achieve, although it seems unlikely from the 
physical considerations that there will be divergence when \ l 
and0 < » < 1/2 
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But as is shown in Fig. 5, the ratio of the value of maximum 
[Me], to the one at the point @ = 45 deg is almost unity in every 
ease. Hence the latter may be considered with sufficient ap- 
proximation as the maximum. The value of Mg at the point 
p = X, 6 = 45 deg) can be written from Equation [39] as follows 


[Mela.sse = He 2 -) +>) >> M,,d%e |...[42] 
r=1 p=0 


where 


M. = % (—-1 YM 541,9-28 >. 
s=0 


\(r — 1)/2, 


\(r — 2)/2, if r is an even integer 


if r is an odd integer } 


i= [43] 


Fig. 6 shows the results graphically. The maximum value of 
Mg increases rapidly when A increases, and for the same value of 
\ it becomes greater when v becomes greater. 

As the convergence of the Series [42] cannot be proved, we 
shall check the validity of [42] by comparing it with the results 
obtained by the successive-approximation method. The latter 
results are considered as correct to four decimal places, while 
they are obtained only for y = 0.3. The comparison is made in 
Table 1. It is clear that, within the limitation of four-figure 


TABLE 1 
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By successive approx. 5866 1 6203 
By Equation [42] 1 6203 
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A Mixed Boundary-Value Problem of 
Elasticity With Parabolic Boundary 


By GUNADHAR PARIA, 


The problem of finding the stress distribution in a two- 
dimensional elastic body with parabolic boundary, subject 
to mixed boundary conditions, has been reduced to the 
solution of the nonhomogeneous Hilbert problem following 
the method of complex variable. The result has been 
compared with that for a straight boundary. 


1 INTRODUCTION 


HE plain strain distribution in an elastic body having 

the parabolic boundary has been found by the methods of 

complex variable and Fourier transforms when either the 
stresses or the displacements are prescribed on the boundary.?~* 
In the present paper the method of complex variable has been 
adopted to determine the stresses and displacements due to pres- 
sure of a rigid stamp, it being assumed that the friction at the 
common surface is sufficient to prevent any sliding. By con- 
formal representation, the parabolic boundary is transformed 
to the straight boundary extending to infinity in both directions. 
The procedure leads to the solution of the nonhomogeneous 
Hilbert problem for holomorphic functions. 


2 FoRMULATION oF PROBLEM 


Let LZ denote the parabolic boundary and s the region lying 
outside the parabola (i.e., not on the side of the focus). The 


elastic body occupies the region s. In the transformation 


the real axis » = 0 in the (-plane corresponds in the 2-plane to 


the parabola L given by 


zr? = 4a%y + a? 


const = / is a confocal parabola 
Thus the region s is trans- 


The curve corresponding to g = 
oriented in the opposite direction. 
1 Indian Institute of Technology. 

? ‘Some Basic Problems of the Mathematical Theory of Elasticity,”’ 
by N. I. Muskhelishvili, P. Noordhoff Ltd., Groningen, Holland, 
1953, $§ 95, 92, 114, 110. 

* By R. Tiffen, Quarterly Journal of Mechanics and Applied Mathe- 
matics, vol. 5, 1952, p. 3. 

* By K. L. Conrad, Iowa State College Journal of Science, vol. 23, 
no. 4, 1949, pp. 397-404. 

5 By G. Paria, (a) Bulletin Calcutta Mathematical Society, vol. 
44, 1952, p. 4; (b) ibid., under publication. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 25-30, 1956, 
of THe American Society oF MECHANICAL ENGINEERS. 

Discussion of this paper shou'd be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1957, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are tw be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 12, 1956. Paper No. 56—A-24. 
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formed into the lower half plane 9 < 0, which will be denoted 
, the upper half plane 7 > 0 being denoted by s*. The 
with the functions will indicate that they 


The part / 


l will have 


by § 
superscripts + and 
are defined in the regions s* 

of the boundary L cut off by the confocal parabola & = 


and s~, respectively 


the prescribed displacements 


where (vg, »,) are the displacements in the (£, 7) co-ordinates 
The remaining part of L is assumed to be stress free. Thus / 
is placed symmetrically with respect to the vertex of L. (T! 
method employed will however be independent of the | 
L’'onL 

By using Equation [1 


&, ) co-ordinates can be expressed as? 


the stress compor 


from which 


1a) (oe, 1a); 


ia)? & 


The displacement components 


can be expressed as 


2u(u’ + w’) = 2 f — ia) HE 


1a ®’ ? } 


/2(6) + (¢ 
where 


or 
0 


(4, v) being constants characterizing the elastic property 
material. 


Let 


ia) V(¢) for f ins 


The function ({ — ia)Q.(£ * is defined in such a way 


that 


for f ins 


Q6(0) = AS) 
= l 
ia) Di ¢ 


9 


1a 2h" c 
+ (€ + ia) V(C) for f in s* 


from Equations [4] and [8] it is seen that 2 t is the 


continuation of (({) through the unloaded part of the 


Thus, 
analytic 
99 


“se 
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boundary. A new 


function x({) will now be defined for the 


whole plane as 


for 
for i? in s~ 


The Relations [4 


and [5] 
function x(¢ 


carn be expressed in terms of the 
with the help of Relations [7], [8], and [9] 


- 


X\$) = Coxd f 


where C, is, in general, a complex constant to be determined 
After evaluation of the integral in Equation 
special method given elsewhere,’ 


later 20) by 


one obtains 


Thus x({) being known 
found from | 


juations 


the stress components 


“? 


Lotail shearing iorce being zero 
Evaluating the integral in Equ 
ady referred to, o1 


alns 


[15] 


rhe first of Relations [12] shows that x({), defined in s* and 


except in the part L’ where the 
y the second relatior 


bl ’ 
is continuous acri 


8 discon- 
tinuity 18 expressed Dy) 


; 


Thus one arrives 
at the nonhomogene 


is Hilbert problem of determining a holo- 
morphic function x with the line of discontinuity L’. 


the parabolic boundary ap} roaches the straig 
= op tan Pacem boundary and the problem reduces to that for a half plane. Ii 
P, and P, denote the values of P(t) at t = 0 for the curved par 
The fundame us solution x i correspondir g to the second bolic) and straight boundaries, resy 
of Boundary Cs is given by?* 


pectiveily 


1 
)P a*® + 
> 


where 278 = log, v 


and the branch of xo({) has been chosen properly and 
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TABLE 1 VALUES OF LOGw(Pe/Ps 
a 0.1 : ; 0.4 0.5 0.6 
Logw(P-/Ps) 0.7786 57: 3473 0.2493 0.1813 0.1321 
08 1.0 
0.0682 0.0312 


Substituting (a/l) = a, and taking vy = 3 one obtains From Table 1, which gives the values of logw(P,/P,) for 


logw(P,/P,) = 0.1519 are tan a different values of a,, it is obvious that P, is always greater tha: 


P, and it increases as a, decreases; i.e., as the curvature 


1 
+ = logio( 1 + a;? logiwa; — 0.2386 


creases 





Buckling of Initially Imperfect Cylindrical 


Shells Subject to Torsion 


By W. A. NASH,? GAINESVILLE, FLA. 


An analytical solution based upon large-deflection shell 
theory is presented for the problem of the elastic insta- 
bility of a thin cylindrical shell subject to torsion. The 
fundamental equations used are those presented by 


the « 
al theory. Their 


ons preseb 


Donnell in 1954, and these equations together with the i cimen but iz ud sed upon th tl 


1ypothesis t! 


condition of stationary potential energy are employed to involving a lower 
determine all arbitrary deflection parameters. Boundary 


3 


; Karman and Tsir 
conditions corresponding to clamped-end shells and also I tend by Leggett n Michie 1 (7 


te shells having simply supported ends are considered. 
Load-deformation relations for various magnitudes of 
initial imperfection of the shell are determined for both 
boundary conditions. Lastly, values are presented for an 
imperfection factor based upon existing experimental 
evidence for clamped-end shells. The investigation de- 


scribed here is a continuation of work done earlier by Loo. 


y considering both clamped- 


yunders This phase of the 


tions ‘ O to expect that 


nm iarg let) uon ory 18 empioy ed 


: . serec Only on i many yssible bounda 
ther wi = pene ‘ ‘ : 
hie! ' 4 : ia : aial : 


" T itior lis matter warral tional analytical tre: 
In 1941 von Karman ar sien (5 mn eh i <a 


< : circumilerentiai 

large-deflection equatio : : . : 

z niorced, whereas in relerence (10) this question wa 

y compressed ‘ ? = 

ohh 4 p fee treated Dy assu > number of waves presen 

of equilibrium position ith : . 
—. to be the same as in ted by small-deflection the« 


ohtcined in the om -d buckling configuration be the exact on¢ 

ducted under Contract DA-01-009-OR D-404 between t . ‘ ] - tory to consider the n umber of waves « 

ance Research, | S. Ar ny, an i the University 

* Professor lepartment Engineering Mechar 
Florida 


lal 
rall-defle } r) However, since 


sation introduces an error of unkn 
* Numi itl n f to the Bibhography . . . s 
aper { parameter corresponding to a uniform radial di 
Contributed by Appi i Mechanics Division a nted at ment of the shell is introduced 
the Annual Meeting, New York, N. Y., November 2 


Tue AMERICAN Society or MecHantcat ENGINEERS 


Discussion of t should be addressed 


ASME 9 West ‘ t. New York. N. Y.. ar 1 Fundamental Equations a is consider a cvlinder of 
until April 10, 1957, for lication at a later dat: nt radius #, length L, and thicknesst. Let z 
ceived after the closing date will be returned. 
Nore; Statements and opinions advanced in papers are to | , . , ' . 
_ _ ae S —e SS Pe respectively. Further, let u, », and w (positive inward) be 
understood as individual expressions of their authors and not those . 


, #, and z denote ort! 


gonal co-ordinates in the axial, tangential, and radial directions, 


of the Society. Manuscript received by ASME Applied Mechanics °O™ponents of displacement (in the z, s, and z-directions 
Division, March 7, 1956. Paper No. 56—A-36. spectively ) of 


any point in the middle surface of the shell. I 
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thin cylinder the stress field may be considered to be composed of 
membrane and bending action and each system will be treated 
independently. The  strain-displacement relations correct 
through all second-order terms are well known and involve deriva- 
tives of u, v, and w. However, the higher-order terms in u and p 
may reasonably be neglected in computing the membrane stresses 
and strains in a thin cylinder, since these displacements are small 
compared to w, and the membrane strain-displacement relations 
are taken in the form (4 


ou K (2 . 
=— + - - 

oz 2 or 

ov 

Os 


G 

Os Or 
where K = 1 + (2wo/w) = 1 + (2a9/a) = 1+ (V/a) = const, 
where V = 2a, wo representing the initial radial deviation from 
perfect shape, dof the amplitude of wo, and at the amplitude of w. 
The fact that K is taken to be constant implies that only the com- 
ponent of the initial deviation which is of the same shape as the 
displacements can be taken into account. This component of the 
initial deviation is by far the most important one. By assuming 
that the equations of equilibrium for an element in the plane of the 
cylinder wall are approximately the same as those in flat-plate 
theory and by introducing the Airy stress function, Donnell (4 

obtained the following compatibility relation between the stress 
function F of the membrane stresses and the radial dis}lacement 


Wu 


2, \2 
oe [(23) 
Ors 


( O*w ) ( O*w ) ou 
ox? ds? oz? 


The second-order terms on 


where E is the modulus of elasticity. 
the right side of Equation [2] correspond to membrane stresses 
due to finite displacements, while the last term corresponds to 

For an assumed w, F 
may be readily found from Equation [2]. The Airy function F 
will be the sum of a particular solution of this equation and the 
general solution of the corresponding homogeneous equation. 


membrane stresses due to the curvature. 


For the case of pure torsion the latter solution is merely 

F = —7, 3 [3] 
Knowing F, the 
membrane energy of the cylinder may be expressed in terms of the 


where 7,, denotes the mean shearing stress. 


stress function as follows (4) 


ae t L 2rR 1( oF oF ) 
ee a Se ds? 


( oF \2 oF oF | 
) > -_ , drds 
drds dz? ds? |f 


where v denotes Poisson's ratio. The strain energy of bending is 


given by (4 


Ee 4 2eR '( O2w O*w 
/?) t\ dz? os? 


ow Ow |} 
— |> drds 
ds? | f 
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For rigid-testing machine loading, the variation of the poten- 
tial energy of the external loads vanishes since no torsional dis- 
placements are permitted. Hence for this type of loading th« 
total potential energy U, may be taken to be the sum of FE, and 
E,. 

Displacement Pattern. Let us consider two buckling-displace- 
ment configurations, one corresponding to clamped ends of the 
cylindrical shell, the other implying simply supported ends. For 
the first case a suitable deflection function is 


. ns + yz) 2rz 
w = at] sin - | 1 — cos 
R L 


( 2rx 
eaten i) ws 
L 


This satisfies 


It does 


end e are arbitrary parameters 


n, Y; d, 
the important condition of vanishing slope at 


where a, 
the ends 
not necessarily satisfy the conditions u = »v = 0 at the ends 
these last conditions are not important. The displacement pa- 
rameter e is admitted in an effort to obtain the smallest possible 
buckling load, even though physically such a displacement at the 
ends of the shell would seldom be applicati ms 
Actually, it was found that the addition of this parameter e had 


permitted in 


only a very slight effect upon the final results 


For the sere ond case we shall ( hoose 


Again, a’, n’, y’, d’, and e’ are arbitrary paramet 


tern does not satisfy the condition of zero edge mome 


ends, as discussed in reference (2). However, the second 
Equation [7] t 


does satisfy this condition and later in the paper i 


nes ex- 


will be shown that it is precisely this term that beco 


tremely important in the case of large displacements 


even though the pattern indicated by Equa 


-cuions, it very 


correspond to simply supported ends for small « 


closely represents this boundary condit large displace- 


ments. For brevity this condition wi lescribed as simple 


support even though it does not satis » requirements 
1 

introduced in an effort to obtain the minimum 

negligible eff 


Again, e’ is 
theoretical buckling load, but again it has only a e 
upon the final results 

In each of these analyses the origu of the z-co-ordinates is 
taken at one end of the shell. The second term in each of these 


symmetric deformation of the 


expressions represents an axially 
shell and becomes important in the case of large displacements 
where it reduces the circumferential stresses by balancing large 
deflection strains against strains due to change of radius 

For the displacement pattern corresponding to clamped ends 
the Airy function of the membrane stresses is found from Equation 
[2] to be 


2rz 4rz 


+ & cos 


cos 2n(s + 


Cs sin 


. nse + By 
+ Cw sin — 
R 
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where 


Here n der 


The constants in Equation 


10 


The 


OL 


ration Over 


relations 


for the « lampe d-end shell : 


T 


G 


for the shell with simply supported ends 


Minimization of Potential. From Equations [4], [5), ar 
the total potential energy for the clamped-end shell is four 





(+L? a 
SEr Re 


=e 1 
:= - J (1 + a,?)? + -(1 + 6,2)? 
12(1 — v) m* | 4 4 


m‘d? > + (1 + vat + 2Va* + V%a?) 


+ y?)? + 
er 1 1 


~ 64(1 ‘ 


64m* 256(1 + a,*)? 256(1 + £7)? 
d? j d? d? 


, * 16(1 + 8,2)? 


* 41 + a2)? " 41 + B,?)? 16(1 + a”)? 


(l+p ( L? ) : Va? d da;? 
; a? + Va? 1 4 
4a? PY a m? ' . 2 +. q,?)2 
dg? ‘1 1 + v) ( 
21 + B,*)? | l6r* \ Rt 
a;* 8,4 ] 
2 + 8,2) 


= 


For the shell with simply suppor ted ends it is 


(1 +yv)L ; 


8Em RE 


256m " 


a 
ee] 


B,’* 
+ 3, 
(a’? + Va 
, 
4m"? 


3) 


my 


: , yy" 

+ (a"* + 2Va" + V%a" [18] 

; 16m"* J 4 

The deflection parameters a, n, y, and d for the clamped-end 
shell, or a’, n’, y’, and d’ for the simply supported case are de- 
termined from the condition that at equilibrium their values are 
such that the total potential energy of the system has a stationary 
value for any small variation of the parameters. In most large- 
deflection analyses involving the principle of stationary potential 
energy (5 through 10) the partial derivatives of the total potential 
energy, with respect to each of the parameters involved, are 
formed, equated to zero, and the resulting nonlinear equations 
solved simultaneously. In reference (10) only two of four possible 
such equations were considered directly. In the present investi- 
gation, the partial derivatives were not formed but instead each 
U,and U,’ from Equations [17] and [18], respectively, was pro- 
grammed on an IBM 602-A calculator. For the clamped-end 
shell, for example, for a given value of the parameter (L*/Rt) the 
most expedient procedure was to assign values to V and (L/t)*7,, 
and then systematically adjust the values of a, m, y, and d until 
a stationary value of the total potential energy was established. 
An analogous procedure was followed for the simply supported 
were then used to determine (L/t)? 


shell. Iquations [15] or [16] 


T,,/G. In this manner one point on a load-deformation curve 
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was established. Other values of (L/t)*y,, and V were then in- 
vestigated until the families of curves appearing in Figs. 1 through 
Shells having these values of L*/(Rt) are 


known from experimental evidence (2, 3) to be well within the 


6 could be plotted. 


elastic buckling range. 
Certain results obtained from enforcing the condition that the 


ig 


total potential energy have a stationary value are plotted in Fig 
7 for the values L* (Rt) = 2000, V = 0 for the case of clampe i. 


variations of 


end shells. The curves shown there represent the 


m, Y, and d with the amplitude a. 
plotted for other values of V and L?/(Rt 


Analogous curves could be 
corresponding to the 
, ss alobe wn fa Wiles | 6Of particular interest 
various plots shown in Figs. 1 through 6. Of particular interes 
are the variations of the parameters m and y in contrast to the 
constant values assumed in reference (10). The values of m and 


y used in reference (10) for L*/(Rt) = 2000 are 


indicated by the 
dashed lines in Fig. 7 so that they may be compared to the values 


obtained in the present paper. These latter values are indicated 


f 


by solid lines. Fig. 7 illustrates the increase in the value of » 


the decrease in the number of circumferential waves 
amplitude of the waves increases. This is in 
theoretical and experimental evidence regarding buckling of thir 
Thus the present treat- 


agreement with 


cylinders subject to axial compression. 
ment, in contrast to that of reference (10) does not assume that 
the number of circumferential waves is constant and equal to that 
indicated by small-deformation theory 

It is of interest to note that the load-deformation relations re; 
resented in Figs. 1 through 6 indicated a somewhat greater drop 
resistance during the postbuckling stage than was found in ref- 

For example, the decrease in strength for a perfect 

specimen having L*/(Rt) = 2000 was found in reference (10 


be 12 per cent, whereas, according to the present theory it is ‘ 


erence (10). 


per cent. The smaller decrease indicated by rence (10 
evidently one consequence of drawing two parameters from small- 
deflection theory ; 


From a study of the curves shown in Figs. 1 t 


given V to that for the corresponding perfect case 
and V 


noted as (7,,/T2q)peak is related to L*/(Rt 


mate re 


ition 
y 


4 
tees Li L*/Rtp 


for cl 


, I fe 7] 
io | a Rip? | 


It only remains to expr 


for simply supported cylinders 
imperfection factor V as a function of the physical charac 
of the initially imperfect shell. 

It is well known that the foregoing techniques yield true 
of critical loads only if the assumed buckling confi 
exact. Perhaps a buckling configuration in which displacements 
are expressed as infinite series would be more general, but the 
solution of any such problem is now considered intractable. For 
any assumed buckling pattern other than the exact one, the for 
going analysis always indicates an excessive value of the buckling 


load The magnitude of the discrepancy between the indicated 


value and that given by the exact buckling configuration is 
course unknown. Consequently it is true that the reduction i 
peak value of buckling stress is overestimated. However, th« 
load-deformation relations indicated in Figs. 1 through 6 for p 
fect shells (V = 0) merely serve as reference lines from which t 

Since all shells contain some imper- 
The overesti- 


mates in reduction from the perfect cases are approximately ac- 


other curves are obtained. 


fections, only the curves V + 0 are actually used 
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Fic.7 VARIATION OF PARAMETERS m, y, AND d WiTH AMPLITUDE a 
For shells characterized by the parameter L*/(Rt) = 2000 a 
sufficiently accurate value of m for use in Equation [21] may be 
obtained as the mean of the maximum and minimum values of 
this variable as indicated in Fig. 7. Values of m for other values 
of the parameter L?/(Rt) are established from plots analogous to 
Fig. 7. On the basis of available experimental evidence due to 
Donnell (2) and also Lundquist (3 
of Up = 0.17 X 10~* is suggested. 
values of L, and L, indicated by Equations [22] and [23], 
tively, when substituted in Equation [21] indicates a value of V 
which may be substituted in Equation [19] to yield a value of the 
peak shear stress that a given specimen may sustain. No data 
regarding the torsional buckling of simply supported cylindrical 
shells appear in the literature and consequently no value of Uy 
An extensive experi- 


for clamped-end shells a value 
This value, together with the 


respec- 


is suggested for this boundary condition. 
mental investigation is currently under way to provide a value of 
the unevenness factor LU’, for this last boundary condition. 

While it is true that test results reported in the literature indi- 
cate that the mean experimental value of the torsional buckling 
stress is approximately 75 per cent of the value predicted by 
small-deflection theory, the wide scatter of experimental values 
renders this approximate figure unacceptable for any design or 
analysis purposes. This scatter, which is illustrated in Fig. 11 of 
reference (10), is considerably greater than that observed in sta- 
bility tests of axiaily loaded bars. The results embodied in Equa- 
tions [19] and [21] tend to reduce this scatter. One of the primary 
reasons for this is that the amplitude of initial deviations would 
certainly be greater for thin shells than for thick ones. This fact 
is accounted for by the presence of the factor L/t in Equation 
(21) (after substitution from Equations [22] and [23] In fact 
experimental evidence available from tests currently being car- 
ried out by the author indicates that there exists a definite rela- 
tionship between the ratio e/t, where e denotes the maximum de- 
viation from true circularity as measured on the shell, and the 
ratio L/t. It is of course the ultimate aim to present relations 
predicting the strength of thin cylinders in terms of the measured 
initial imperfections and the geometric parameters of the shell. 
However, many additional test results are necessary for a complete 
solution. 


CONCLUSIONS 


1 The only existing treatment of the torsional buckling of thin 
cylindrical shells utilizing large-deflection theory together with a 
consideration of the initial imperfections of the shell has been 
extended in the following manner: 


(a) Boundary conditions corresponding to clamped ends and 
also simply supported ends are specifically treated, whereas the 


JOURNAL OF APPLIED MECHANICS 


boundary conditions in reference (10) implied elastically sup- 
ported ends. 

b) The total potential energy is minimized with respect to al 
free parameters. In reference (10) two of the four parameters 
were drawn from small-deflection theory 

c) The condition of periodicity of circumferential displace- 
ment is enforced, whereas in reference (10) this question was 
avoided by assuming the number of circumferential waves to be 
constant and equal to that predicted by small-deflection theory 
Further, the theory presented here indicates a decrease in the 
number of waves as the load is increased over the critical value 

d) A term corresponding to a uniform radial displacement is 
introduced so that the membrane stresses present are entirely due 
to torsion 

2 In reference (10) the total potential energy was rendered 
stationary with respect to only two of the four arbitrary deflectior 
parameters and the other two parameters were assumed to hav: 
the values given by small-deflection shell theory. The effect of 
this simplification is not immedistely obvious and would appear 
to be in need of investigation. The effects are illustrated in Fig 
as well as in all of the load-deformation plots shown in Figs. 1 
through 6, which differ in numerical values from the correspond- 
ing plots of reference (10 Also, the present plots indicate 
greater drop of resistance during the postbuckling stage than was 
found in reference (10 


3 On the basis of the present analysis together with existi 


experimental data the following expression for peak load-cart 
capacity of initially imperfect clamped-end cylindrical shells s 


ject to torsion is proposed 
a, 
ae 
; ( ) 
T 2x peak 
where V is obtained from Equation 
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Min-Max Solutions for the Linear 
Mass-Spring System 


By EUGENE SEVIN,' CHICAGO, 


Absolute upper and lower bounds have been determined 
for the maximum displacement of an undamped linear 
mass-spring system acted on by a non-negative forcing 
function characterized only by total impulse and duration. 
The upper bound is shown to result from applying the 
total impulse to the mass as an initial blow. The lower 
bound is shown to depend upon the ratio of load duration 
to natural period of the system, and this response results 
from a forcing function consisting of an initial and final 
impulse and an intermediate constant force. In the 
latter case, for sufficiently short durations, the forcing 
function reduces simply to equal initial and final impulses. 
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arc length is proportional to the ir 
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npuise of the forcing 


function, (>) the radius vector is proportional to the square root 


of the energy of the system, and ( the angle of turn of tl 
t is proportional to the time Moreover, this representa- 


? 
to an equivalent geometric problem of finding a curve 
within or on the unit circle and joins the origin to a 
angle of turn of the tangent 
lengtl 


the circle such that the total 


point on 


al to a given value and the tot is a Maximum 


DIFFERENTIAL Equa 


The differenti rning the undamped motion of a 


al equation gove 


mass on a linear spring is 


1) 


] 





The initial conditions when the mass starts from rest are at 


t=0, z=0; z¢=0...... 
Let the forcing function f(t), be restricted as follows 
fO®>0 for Ostishs 


f() =0 for 


ty 
J, f(r \dr 


Define the impulse function F(t) as 


t 
= f f(r)dr 
oy 


t>t 


F(0) = 0 
F(t) monotonically nondecreasing 
F(t) =I fort > 


> 


[1], subject to Condition [2], is* 


The solution to Equation 


sin w (t — r)dFi(r 


cos w (t — r)dF(r 


The expressions for displacement and velocity are in the form 
of Stieltjes integrals which permits consideration of impulse-type 
functions where the differential dF (1) does not exist. 

Let the maximum value of z(/) from Equation [6] be denoted 
by 2max. The problem to be considered may now be stated in 
the following form: In the class of functions F(t) satisfying 
Condition [5], find functions F(t), or f(t), for which 

(a) Imax 1S & mgximum 
and for which 


(b) Imax iS & Minimum 


and, find 2msx in (a) and (5). 
Problems (a) and (b) will be referred to as the maximax ar 
minimax problems, respectively. 


PHase-PLANE REPRESENTATION 
Define the complex variable z(/) as 
2(t) = ma(t) + imwz(t) 


By Equation [6], this becomes 


t 
:(t) = f, [cos w(t — rT) +7 sin w(t T)| dF(r) 


It will be noted that 
1o¢7)) = «/m%e%1) 252% 
2(t)} = V m*z*%{t) + m*w*r({t) 


where 


m7*(t) 


E(t) = 


? ‘Vibration Problems in Engineering.”’ by S. Timoshenko, D. Van 
Nostrand Company, Inc., New York, N. Y., 1951. 
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is the energy of the system. The complex plane (mz, mwz) is 
commonly referred to as the phase plane, and Equation [7] is a 
geometric representation of the system trajectory in the phase 
plane. Some familiar properties of the phase-plane representa- 
tion of Equation [8] are summarized as follows:* 

1 For an arbitrary continuous force, the phase-plane tra- 
jectory can be approximated by a series of circular arcs whose 
centers are always on the mwz-axis. 

2 For a constant force, the phase-plane trajectory is exactly 
a circular arc. For zero force, the center of the circular arc is at 
the origin. 

3 Positive time is proportional to the counterclockwise varia- 
tion in the normal to the phase-plane trajectory. For a circular 
are this corresponds to the angle swept out by the radius vector 

4 The length of the radius vector is proportional to the squar: 
root of the energy of the system. 

5 An impulse-type forcing function is represented by a line 
segment parallel to the mz-axis whose length is numerically equal 
to the impulse. 


As an illustration, the phase-plane trajectory for the case in 
which f(t) is a constant force f over the intervalO < i< 4 = 
is sh« Fig. 1 Also shown 


x /2w, plus an impulse /, at t = 4, 


imax 


Puase-Piane TRAJECT 
Sprinc System 


TYPICAL 


in Fig. 1 is the impulse function F(t) for this 
displacement is found directly from the geomet 
plane trajectory to be 


ae) |<] 
coer | me i 


Maximax SoLutriIon 


" ahi 


The maximax solution can be obtained in a simple fashion and 
it is convenient to do this before proceeding to the more inter- 
esting minimax problem. Using Equations [8] and [9], the fol- 
lowing inequalities hold 


V/ 2mE(t) = |2(0) 


or, by Condition [3] 
V 2mE(t) < I 
***On a General Method of Solving Second-Order Ordinary Differ- 
ential Equations by Phase-Plane Displacement,"’ by L. 8. Jacobsen, 


JouRNAL or AppLiep Mecuanics, Trans. ASME, vol. 74, 1952 
pp. 543-553. 
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ing function, but will possess an impulse which exceeds ] by the 


Hence, for all i > ¢ 
liffers from the original 


amount AC. Since this forcing function 
only by the positive impulse AC, it too meets Condition [5 
Now it is clear from Equation [6] that the maximum displace- 
Now if the m is struck by a blow of impul: ment resulting from a particular forcing function is proportional 
then for a to the scale of the forcing function; i.e., if rusz results from f(t 
Clmax results from cf(t), where c is a constant. Therefore, if the 
forcing function leading to the trajectory OBAC in Fig 
scaled down so that its total impuls yual : 1a 
Thus Equati yields as th hu tic the maximax displacement attained must be less than that given by OB 
problem j tradicting the minimum property « inimax 
tion. The foregoing argument has been carri for 
rt 


particular case of Fig. 3 but is quite general. 
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of the a ted f : n be « 

T 
: : ™ ts maximum v 
e with center at e ——* 
; “i . . . : following chang: 
the origin and radius OA. For the particular case shown the 5 = S 
is proportional to the length OB, and OA 


maximum disp! 
< OB. 

It will now be shown that another forcing function, satisfying Equation [16] becomes 
Condition [5] and having impulse J and duration ¢,, can be found 
which will yield a lesser maximum displacement than that asso- 
ciated with OA. With reference to Fig. 3, the maximum dis- 
placement is not increased, owing to an impulsive load of magni- 
tude AC applied at t = t,, where OC = OB. Thus, the forcing 
function leading to the trajectory OBAC will have a duration 4 : ; monotonically nondecreasing; G(a,) 


and Jead to the same maximum displacement as the original forc- 





u(a) = fe a8) for 


Then w(a) represents a plane curve having the following prop- 
erties, which can be verified easily from Equations [18-20]: 


It starts at the origin; i.e., w(0) = 0. 
It is within or on boundary of a unit circle; i.e., |w( ax)| - 3. 
It ends on the periphery of the unit circle; i.e., |w(a,)} = 1. 
The length of arc measured from the origin is G(@) which is 
proportional to the impulse function’ F(¢ 

5 It has total arc length 


1 
2 
3 
4 


.- [21] 


6 The parameter a is proportional to time and is the angle of 
turn of the tangent to the curve. A plot of w(a) is shown 
schematically in Fig. 4. 


Fic. 4 Grapnicat REPRESENTATION OF Equation [20] 


Equation [20] does not rule out curves containing straight-line 
segments and corners, and these have a simple physical interpre- 
tation. Over a straight-line segment there is a finite increase in 
length but no change in the angle of turn of the tangent. This 
corresponds to an increase in impulse in zero time, or a positive 
At a corner there is no change in length of the 


impulse load. 
This corresponds to 


curve but a finite rotation of the tangent. 
zero change in impulse over a finite time interval, or a period of 
time over which zero force acts 

A circular segment of are also has a simple interpretation. 
Here there is both a change in length and angle of the tangent, 
but where the change in length is proportional to the angle change 
This corresponds to a linear variation of impulse with time. 
Thus, a circular are represents the application of a constant 
force. 

The minimax problem can now be restated in 
following geometric problem: 

Find a curve w(a) (the curve may have corners and contain 
straight-line segments) which joins the center of the unit circle 
to a point on the periphery and always remains within or on the 
circle, such that the total angle of turn of the tangent to the curve 
corresponds to a prescribed value a, and the total length of arc 
L,isa maximum. Also find the maximum arc length J. 

That this is an equivalent statement of the minimax problem 
is clear since the prescribed angle of turn a@, corresponds to the 
given duration of the load t, and, by Equations [21] and [17], 
a maximum total arc length ZL, corresponds to a minimum R 
and, in turn, a minimum-maximum displacement for a given 
total impulse /. 

Properties of Minimax Solution to the Geometric Analog A 
number of properties of the curve which is a solution to the above 
geometric problem will now be described. That these properties 
hold is based on the following condition: 


terms of the 


* This is most easily seen by interpreting Equation [20] as the 
superposition of vectors of magnitude dG(8). 
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Ii the curve w(a@) is a minimax solution, it is impossible to 
modify w(a) to a curve w*(a) having a greater length but the 


same total angle of turn of the tangent. [22} 


os} 


* Proceeding from Condition [22], one determines that a mini- 
mizing curve has the properties indicated in the following: 
(The violation of the property stated is assumed and illustrated 
in the referenced figure by means of a solid line. The dotted line 
in this figure shows how the negation of the property to be proved 
implies a contradiction; i.e., Condition [22] is violated 

1 In the interior of the unit circle no part of a minimizing 
curve is a convex arc, Fig. 5(a). Thus, in the interior of the circle 
the minimizing curve is a polygonal path 

2 The periphery of the circle is first reached by 
two line segments, Fig. 5(b) 

3 If the periphery of the circle is first reached by 


not more than 


two line 
segments, the minimizing curve consists solely of these two 
line segments, Fig. 5(c 

4 If the periphery of the 
segment and the immediately succecding part of the minimi: 


circie 1s first reached by ons 


curve is a line segment, then the minimizing curve consists of two 
line segments Figs. 5(d and « 

5 If the periphery of the circle is first reached by one line seg- 
ment, then either the remaining portion of the 
Fig. 5(f), or the re- 


minimizing curve 


lies entirely 


on the periphery of the circle, 


maining portion consists of two parts, one lying on 
ery of the circle and the other a line segment, Figs. 5(¢ and h 


the periph- 


‘ 


9 


Fic. 5 Properties or toe Geometric Minimax SoivutTion 


Solution of the Minimax Problem. In view of the foregoing 
properties it is seen that a minimizing curve is always of the form 
shown in Fig. 6(a), or of the form shown in Fig. 6(b). Fig. 6(6 
also includes the limiting cases in which the arc a or chord ¢ re- 
duces to a point. Thus, for LZ, > 2, a minimizing curve is of the 
general form shown in Fig. 6(b). 

On the basis of Figs. 6(a and 5) the minimax problem has been 
reduced to that of finding the appropriate combination of line 
segments and arcs which yields a maximum total length Z, for a 
given total angle of turn a. This is a straightforward problem 
in which J, is a function only of a, and the ordinary methods of 
calculus can be applied. 
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Fie. 6 ro THE GEOMETRIC Minimax PRoslem 


Possrs_e SoLuTIONS 


MINtmMax 


The solution for the nplete range of a, 


Fig. 7, the details of omputations being omitted 
cal meaning of the geometric solution is summarized in Fig. 8 
inear mass spring to several simple forcing 


» Maximax and 


The response of the 
functions is compare minimax displace- 
ments in Fig. 9. 

In order to gain a better insight into the nature of the minimax 
solution obtained it 
representation shown in Fig. 10 
to result from a judicious 
that minimizes the 


v be helpful to consider the phase-plane 


The minimax solution is seen 
constant force 
For durations 


mass is first displaced by an initial im- 


choice of impulses and 
energy of the system. 

the 
pulse and later held by a constant force at its position of maxi- 


t, > 59 /6w (Fig. 10: 


mum displacement. It is released at a time t = +/3w prior to 
the duration t,, and then the impulse remaining is applied as a 
blow att = 4. 


mum displacement first reached. 


This causes the mass to oscillate within the maxi- 
The result of this loading is 
to keep the energy of the system constant throughout the motion 
and equal to the energy gained from the initial impulse. For 
shorter durations it is not possible to hold the mass at rest, and 
the forcing function reduces to an initial and final impulse. 
For t; < 24/3w these two impulses are numerically equal. 


SuMMARY THE Puysicat Minimax Prosiem 


“a MAX!iMAX 





Min-Max Response Wits Tat oF 
Orner Forcine Functions 


COMPARISON OF 
ERAI 


DEV- 


SUMMARY 


Absolute upper and lower bounds have been determined for 
the maximum displacement of an undamped linear mass-spring 
system acted on by a non-negative forcing function of specified 
duration and total impulse. The upper bound (maximax solution 





Fico. 10 Puase-Prane Trasecrory ror Mintmax So.vution 


results from the total impulse being applied to the mass initially; 
the maximum displacement is then J/(mw). The lower bound 


(minimax solution 


results from a forcing function consisting of 
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an initial and final impulse and intermediate constant force, in the 
most general case. The corresponding maximum displacement 
is shown in Fig. 9. 

The intent of this study was to investigate general methods 
of handling min-max problems such as arise in connection with 
the dynamic response of physical systems. It was immediately 
apparent that conventional methods of analysis, such as the 
techniques of variational calculus, would be inadequate. It was 
therefore decided to investigate the nature of the min-max 
problem in particular cases. The linear mass-spring system 
discussed in this paper was chosen as a first example. The solu- 
tion to this case was effected by means of a geometric analogy. 

As one application of these results, inspection of Fig. 9 shows 
that for wi; <1 
min Zmax 


0.88 < 


MAX ZJmax 


That is, in this case, uncertainties in the time details of the load- 
ing (for fixed total impulse) cannot possibly result in error in the 
computed maximum displacement of more than 12 per 


I robably much less. 
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It is important that the data contained in technical papers be made readily available to design engineers. 
In order to satisfy these needs of industry, this section of the Journal includes a concise presentation of data 


and information drawn chiefly from papers previously published by the Applied Mechanics Division of The 
American Society of Mechanical Engineers. 


Id al Reducers and Nozzle Flares 


By R. A. STRUBLE' ano BERTHOLD SCHWEIZER,? CHICAGO, ILI 


The equation of a thin-walled reducer with constant 
circumferentia! plane stress under uniform internal pres- 
sure is derived. Such reducers were first conceived by Dr. 
H. C. Boardman!’ who referred to them as ideal. These re- 
ducers may be used either to connect two coaxial cylinders 
of different diameters or as nozzle flares for spherical heads 
and cone frustums. 





2 transition section joined tangentially to 
hells which have a « 
Such sections are « 
surfaces of revolution about the common axis of t 
are of double irva re i l A plane cor tau 


revolution is 





lional plane and the radius of curvat 
in this plane ata int P will be denoted by R; \ plane tl 


: hatis the reducer length will be shown that at any point of an ideal 
normal to the meridional plane in the direction of 2; will be called _ reducer the constant circumferential plane stress is always larger 
a circumferentia une and the corresponding radius of curvature than the meridional plane stress 2, both being tensile, and that the 


shape and length of the ideal reducer are uniquely determined 


by 


denoted b. il tangential membrane stresses at P 
are given | the ratio of the radii of the cylinders to which it is joined 

In a related work, F. von Télke* has determined the shape of a 
reducer for which ¢, and GO; are both constant and eq ial to each 
other. Such reducers, however, require artificial axial forces, n 
attrmbl } 


able to the pressure, to satisfy end conditions 


IpeaL Nozz_e FLares 
where p and A are, respectively, the internal pressure and the An ideal red 


icer, or a portion thereof, may be used as a f 
positive as shown in Fig. 1 


flaring 
section, joining a nozzle at the smaller end to a spherical head or 
cone frustum. 


thickness and where FR, and R; are 


Such nozzle flares are referred to as ideal. Figs. 2 
and 3 show typical ideal nozzle flares using the inflection point 
the reducer as the juncture point 


IpeaL REDUCERS 


Oo! 

An ideal! reducer is defined as a thin-walled reducer of constant 
thickness having a shape such that, with uniform internal pres ‘ is ; 
sure, the circumferential plane stress ¢; is constant throughout DeRivaTion or Equation or Ipgat Repucrr 
pr es ceneen of Wiatieniiien Windia Gectitats of Det. The equation of the ideal reducer is given through Equation 
nology. which may be written 

? Instructor, Illinois Institute of Technology. 

* Director of Research, Chicago Bridge and Iron Company 
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e d*y 


dy \? ih dz? 
) i ines 
dz ' ( dy 2 
\ dz 
The right-hand member of Equation [4] may be recognized as the 
y-derivative of the quantity 


: ( dy 2 where 
od s | dz 


and hence, upon integrating from y = r where dy/dr = 0 
results 


there 


= 


VA 





NOZZLE END 





Fic. 2 Ipeat Nozz_e Flare ror SpHericar Heat 


where & is a dimensionless constant which determines the shape of : sie , , : 
Equation [9] gives the equation of the ideal red 
the reducer 


tabulated elliptic integrals* of the first and secor 
2a;h 
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CER 
form 


The radius R of the larger end of the 
quation [5] may also be written in the 


first root of the equation 


Vv irk y 
R, = 


The variables in Equation [5] may be separated to yield 


R (h 
Ms y*dy 
r V Irky ‘ 


- rk — DP aan Writing Equation [10] in the form 
The integral on the right-hand side of Equation [8] is elliptic 


R 
Its reduction to standard form is straightforward*; we give only 
the result 


11} 
r 


it follows what the shape of the ideal reducer is thus determined 
* “Handbook of Elliptic Integrals for Engineers and Physicists,” 
by P. F. Byrd and M. D. Friedman, Springer-Verlag, Berlin, 1954. 


the ratio R/r. The reducer shown in Fig. 1 is for 
At the inflection point J of the reducer, R; = 1 


, ana 


i value of k = 3. 


Irom 
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Equations ‘ ) and 7} it follows that the -co-ordinate and ” ind E 
(radius) of the reducer at this point is given | grals of modulus m 
In particular, the length L of the r 


ht-hand end point) is given | 


The slo 
flection point 


are given through | stions [5] an , for teferring 


F 


16) then a 


particularly 


procedure degenerates 


ncomplete ellint 
i ilipev lip ; 
ibulated. For the s 
cer (to om side of 
the third kind are compl 
ptic integrals of the 


gly 


eding sections lead fina 


o-ordinate along the ideal 


where Fir : ; =@) are incompuiet« 


of the first nd kind, respectively, with mo 


argument 


7 “Ideal Reducers," by H 
3, January, 1955, pp. 8-9 
‘Tables of Complete Elliptic Inte 
of Mathematics and Physics, v 





JOURNAL OF APPLIED MECHANICS MARCH, 1957 


a 
A 


ABLE 1 DESIGN TABLE 
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1 
l 
1 
l 


20 
40 
100 


ne base 10. 


*LOGARITHMS ARE TO THE BASE !0 





10 2 4 6 18 20 22 
x 


4 Desi 


Desion TABLE However, many of the expressions for the quantities involved are 
, too complicated for design purposes. The design table (Table | 
asles Bat : 1159 _ ah te Ol 3; . : a .) 2 
The formulas, Equations [15-20], developed in the preceding and Fig. 4 give these quantities directly for a limited range of 
lated functions. values of k. 


sections describe the ideal reducer in terms of tat 








Axisymmetrical Bending of Circular Plates 


Under Simultaneous Action of Lateral 


Load, Force in the 


Middle Plane, and 


Elastic Foundation 


YI-YUAN YU,! 


In this note the problem indicated in the title is solved 
in closed form on the basis of the classical small-deflection 
theory. As the problem is directly related to the stress 
analysis of tube sheets in heat exchangers, the present 
investigation also constitutes the preliminary step of a 
Results of 


numerical examples are presented showing the influence 


more exact analysis of the latter problem. 


of a tensile force in the middle plane and the rotation- 
resisting capability of the foundation on the deflection 
and bending moment of a uniformly loaded circular plate, 
either simply supported or clamped. 


INTRODUCTION 


REVIOl the 


small-de 


g of circular plates in 
as may be found in Timoshenko’s 


tt action of lateral 


book 1)? dea vith ne 
load and force in the middle pl 
lateral load an 
discussed 
has the sir 


elastic foundati 


simultaneous 


ane, or the simultaneous action of 


c foundation. Such problems were also 


by J in the corresponding beam problems 


yn of lateral load, axial force, and an 


ynsidered (3 The elastic foundation 


has been invariably taken to be one which can resist only the de- 
flection of the beam or plate 


In the present he axisymmetrical bending of circular 


force | 


Loe 


The 


be assumed to be capal le of resisting not 


plates under the simultaneous action of lateral load, 


middle plane, un elastic foundation will be discussed 
elastic foundation will 
only the deflection but 
exert on the plate 
slope of the plate 
force proportional to the de 
metrical case the react 
slope in the radial direction and acts in the same direction 


reactive moment of 


also the rotation of the plate; i.e., it will 


a reactive moment proportional to the rn -ximum 
at any point in addition to the usual reactive 
of the plate 
ve moment is always proportional to the 


The 


the foundation may also be shown to have 


flection In the axisym- 


the same effect as a tensile force in the middle plane of the pla 


mathematically the two effects may therefore be treated together 
The problem to be 
of tube 


in this 


solved is directly related to the stress analysis 
The latest 


field has been given recently in another paper (4 


sheets in heat exchangers. development 
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lual expressions of their authors and not those of 


received by ASME Applied Me 
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SYRACUSE, N. Y. 


in a heat exchanger, the 
: 


hells exert, besides bending moments, also tens 

on the tube sheet in the middle plane of the sheet; 

bundle acts as an elastic foundation for the tube sheet and can 
rotation as well as deflection of the sheet. In the 

ana 4 


nel } 
Ana SsHneus Gi 


the bending m« nts exerted by the flang 
| 7 


id the deflection-resisting capabi th 


The additional! 


the tensile force in the middle plane of the 


bundle have been taken into consideration. 


ts due t 
rotation-resisting capability of the 
1 the tube sheet remain to be 


work presented here constitutes also another step further 


toward a more exact analysis of the tube-sheet problem 


DIFFERENTIAL EQuATION OF ProBLeM AND Its SoLvuTions 
Except the part corcerning the rotation-resis 


the 


wg capability of 
governing equation 


elastic foundation, the derivation of the 


yf the problem is well known. For the sake of completeness, a 


; , 
simple derivation follows and the notation od are theret 
troduced at the same time. 


An ele 


respectively, the 


yy ine 


ry f + } " iF 
1ent of the piate is shown in 
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Q = —Dd(V*w)/dr + K(dw/dr)... F [2] 
and the lateral load intensity is given by 
DV‘w — KV*w + kw = p.... .- [3] 


which is also the governing equation of the problem. In Equa- 


tions [2] and [3] we have used the notations 
V2? = (d*/dr*) + r-d/dr) 
K=N+k 


The effects due to N and k, are seen to be equivalent to each other. 

Equation [3] is analogous to that for the corresponding beam 
problem; and, as in the beam problem, three cases will have to be 
considered according to whether K* — 4kD is positive, zero, or 
negative. In the following, only the case of a tensile force N will 
be discussed, and K is therefore always positive. 

When K? — 4kD is positive, the complementary function of 
Equation [3] for the problem of a circular plate may be easily 
shown to have the form? 


w = Clfar) + Cid Br 


in which C; and C; are arbitrary constants, /, are modified Bessel 
functions of the zero order and of the first kind, and 


K + (K? — 4kD)’/?]'* 8 K — (K? — 4kD 
2D 2D 


a 
J 


are real positive constants When K? — 4kD is zero, Equation 


4] becomes of the form 
w = Cul far) + Col ar 


in which we now have 


When K? — 4kD is negative, Equation [4] still gives the solu- 
However, Equation [5] may now be written as 
’ ‘| fe 


a and 6 are thus complex conjugates to each other, and so are 
I ar) and Io Br), which now have complex arguments. Equation 
[4] may therefore be written in the following more convenient 


t10n. 


K — (44D — K?* 
2D 


K + i(4kD — K2)'/?]'4 


, B= 
2D 


form 


C lar), + Clldfar),; 


w= 
where the subscripts r and 7 indicate the pure real and pure 
imaginary parts, respectively, of the function to which they are 
In this form, all the functions and the constants C, and 
The following differentiation formulas are easily 


attached. 
C: are real. 
obtainable‘ 

*The complete complementary function of Equation [3] also in- 
cludes modified Bessel functions of the second kind, which are not 
needed in the solution of a circular plate. 

*The functions Jo(ar), and Ie(ar)s, which have rather general 
complex arguments, have not been used before. The notations as 
well as the differentiation formulas are new. On the basis of Reissner’s 
plate theory, Naghdi and Rowley (5) derived an equation for the prob- 
lem of axisymmetrical bending of plate on elastic foundation, without 
force in the middle plane. The equation takes a form similar to but 
less general than Equation [3]; it, however, was solved by these 
authors in a much more complicated manner in terms of the ber, bei, 
ker, and kei functions each combined with some other series function. 
See also reference (6) in connection with the functions used in this note 
and other similar functions. 
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Ifar), = al(ar), — bl\(ar), 


d 
— Ifar); = al,(ar), 
dr 


+ bl,(ar), 


(ar), = alfar), — bliar 


(ar); = alfar); + bl 


in which the constants a, 6, a,, and } are 


These formulas are useful in deriving exy 
moments, and shearing force 

The complete solution of Equation [3] is, needless t 
sum of the complementary function and 
In the case of a uniform lateral pressure p on t 


ticular integral is simply p/k. 


ILLUSTRATIVE EXAMPLES 
When the solution of the defection w is known, the slop: 


moments, and shearing force may be obtained by straightforward 


9 
and i2 


lifferentiation, the last two according to Equations 
The problem of a circular plate on elastic foundation subjected to 


1 uniform lateral pressure and 


a tensile force 


iSes of kK . 
Based 


exampies 


may then be solved in the usual manner, for 


ported and clamped edges, and for all three 
greater than, equal to, and smaller than zero 


solutions thus obtained, severa] numerical 
lated, the results of 
the tensile force in the middle plane and 


The 


which give an indication of 


capability of the foundation 
examples are 

10 in 
1000 psi 


flexural rigidity of plate = D = 10* in 


radius of plate = 


uniform pressure = 


deflection modulus of foundation = 


taken to 


The values of K = N + ky are 


= x 10° ib/in. (K? +&D> 0 


202 X 10 Ib/in. (K* — 44D 


K 
ww 
K = 3 X 10‘ lb/in. (K? — 


siD<0 


where no distinction between N and A, i8 Mace In addiuon to 
according 


to the well-known solution of the problem of a uniformly loaded 


these cases, the case in which K = 0 is also calculated 


circular plate on an ordinary elastic foundation, without the 


action of any force in the middle plane The result of this last 
case is used as a basis for comparison 

The numerical results for the deflection and radial 
are plotted in Figs. 2 and 3, 


maximum deflection and the maximum moment for the case 


bending 
Both the 
K = 


moment respectively 
3 X 10‘ are about 10 per cent smaller than those for the case K = 0 
The same quantities for the other two cases K = 24/2 X 10° and 
K = 3 X 10° are further considerably 
pected, the larger the value of K, the higher the reduction in the 
deflection and moment, and the bending stress becomes also 


smaller. As may be 


However, a direct stress is at the same 
Therefore, al- 


correspondingly lower. 
time induced due to any presence of the force N. 
though the maximum final stress in the plate is always decreased 
through the additional consideration of k;, this is not necessaril) 
so when N is also taken into account. 
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Design Charts for Symmetrical Ring Girders 


By G. P. FISHER,' ITHACA, N. Y. 


Charts, based on classical bending-energy analysis, are 
presented for the determination of critical design mo- 
ments in symmetrical ring girders varying in shape from 
circular through round to sharp-cornered rings. The 
girders are subjected to uniform normal loading in 
the plane of the ring. Location and magnitude of 
all critical bending moments are given, from which 
the maximum bending moment is easily selected. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


V = shear on transverse section; subscript locates section 
axial force on section; subscript locates section 
bending moment at section; subscript locates section 
uniformly distributed normal internal load applied in 
plane of ring, per unit length of ring 
= ring dimensions, measured to centroidal axes 
radius of curved segment of ring, measured to centroidal 
axis 
angular location in curved segment 
angle in curved segment 
displacement in z-direction at section 1 
displacement in y-direction at section 1 
rotational displacement at section 1 
= 6, due to unit force in z-direction 
= 6, due to unit force in y-direction 
6, due to unit couple 
6, due to applied load, p 
moment coefficient = M /pb?; 
= flexural rigidity 


subscript locates section 


INTRODUCTION 


Ring’ girders commonly occur as elements of many types of 
structures; for example, as stiffening rings on pressurized ducts. 
The critica] bending moments, shears, and axial forces required 
for ring design may be found in many handbook sources or simply 
computed for both circular rings and sharp-cornered rectangular 
rings, but are not generally available for round-cornered rec- 
tangular rings. Such rings occur in transition sections of pres- 
surized ducts, notably those forming portions of wind tunnels. 
lo satisfy this need, charts of critical bending-moment coeffi- 
cients are presented (Fig. 4) for round-cornered rings and also 
for the limiting cases of circular and sharp-cornered rings, ali of 
constant cross section and subjected to uniformly distributed 
normal load applied in the plane of the ring. Shears and axial 
forces are so simply computed by consideration of symmetry 
and static equilibrium that charts for these have been omitted. 
The coefficients used for construction of the charts are tabulated 
in Table 1 so that the reader may redraw the charts, if necessary, 
to suit his own purposes in calculation. 

1 Associate Professor of Civil Engineering, Cornell University. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Soriety. Manuscript received by ASME Applied Mechanics 
Division, May 15, 1956 


ANALYsIS 


The following brief analy sis is a solutior 
energy only, of symmetrical rings of constan 
jected to a uniform norma] internal load appli 
the ring. Direct-stress and shear energy tl 
lected, and it is tacitly assumed that the 
cross section is small compared to the radius 
ners 

Imagine the ring, Fig. 1(a), to be cut at the origin. 
on the cut section necessary to reproduce the cor 
uncut ring are 


] 


V; = 0, 7; = —pb 2. M, = UNKNOWT 


positive in the sense of Fig. 1(b) and having such values as meet 


the three general conditions of continuity at the cut section 


6 


That is, the three relative displacements between the cut ends 


must be zero to reproduce the uncut condition 
However, with V; and 7’; known in value 


is sufficient for solution, say the rotational 


any single condition 


lisplacement 


7.6.4 T V6, + J b, T 6,» 


where 





Norma! 
J ber unit 
length = p 


load 


constant 
section F 
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DESIGN DATA AND METHOD 

















= b (x—A4 ( 


Since V, is zero and the term of Equation [1] containing it 


vanishes, it is unnecessary to compute 6,,. 

It will be helpful in writing the term 6,,, the rotational dis- 
lacement at the cut section due to the applied load Pp, to find 
first the cantilever moment at any point of the curved segment 


of the ring (see Fig. 2 


iMg = pr*dy sin y(cos y — cos 6) + pr* dy cos y(sin 6 — sin y) 


= prsin 6 cos y — cos 6 sin y)dy 


This is the cantilever moment due to the 
recognized as the sum of the moments of the 
vertical and horizontal projections. For exar 


M,/2 = pr? 2 + pr?/2 = pr? 


or 
de 4 | 
0 


rsin 6 +pr%1 


—* | pa® 
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DESIGN DATA AND METHODS 
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Substituting u 


With the redundant for at the origin known, moments at 
the other critical points 2, 3, 4, and the curved corner may be 


ws with reference to Fig. 3 
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On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical mattersin mechanics. These notes must not be 
longer than 750 words (about 2'/; double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published as soon as possible, 
normally in the next issue of the Journal. The notes 
should be submitted to the Technical Editors of the 
Journal of Applied Mechanics. 


Compressibility of a Sphere Pack— 
Comparison of Theory and 
Experiment 


By I. FATT,’ LA HABRA, CALIF. 


RANDT? has used Hertz’s theory*® of the deformation of 
isotropic spheres in contact to derive a relation between the 
pressure applied to a sphere pack and the change in bulk and void 
volume. As part of a study of the compressibility of sedimentary 
rock, Brandt’s equations have been tested experimentally. 
Brandt’s equations for the bulk volume and void volume of a 
sphere pack as a function of applied pressure are 


(: 75(1 — & 
. BC, 
(- 75(1 —é 


unity for pack of 


4x NR? 4 NR 


60 ae 1 


-@ 


4raNR 43 VR 
' Ca i—e 


porosity factor = uniform 
spheres 

modulus of elasticity of spheres 

number of spheres 

pressure on outside of enclosed sphere pack 

radius of spheres 

porosity = void volume per unit volume of sphere 
pack 

Poisson’s ratio of spheres 


size 


1Senior Research Chemist, California Research Corporation, a 
subsidiary of Standard Oil Company of California. 

?“*A Study of the Speed of Sound in Porous Granular Media,” by 
H. Brandt, Journat or Apptiep Mecuanics, Trans. ASME, vol. 77, 
1955, pp. 479-486. 

*“*Theory of Elasticity," by 8. Timoshenko and J. H. Goodier, 
McGraw-Hill Book Company, Inc., New York, N. Y., 1951, pp. 372- 
377. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Pasadena, Calif., June 11-16, 1956, of THe American 
Society Or MECHANICAL ENGINEERS. 

* Discussion of papers in Brief Notes should be addressed to the 
Secretary, ASME, 29 West 39th Street, New York, N. Y., and 
will be accepted until April 10, 1957, for publication at a later date 
Discussion received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by Applied Mechanics Division, 
December 13, 1955 
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The f 
vas composed of 4000 neoprene spheres of radius 0.309 in. r 
domly packed in a 10-in-~diam cylinder with 
The neoprene was specified by the manufacturer as 40 to 50 Shor 
The cylinder was 10 inches long. 


Three sphere packs were used to test these equations. rst 


a movable piston 


Pressure was applied to the pis- 


ton by means of hydraulic ram. Change in bulk volume was cal- 
culated from the measured displacement of the piston. The v 
vulume of the pack was filled with kerosene which was displaced 
when the pack was compressed, into a graduated cylinder throug! 
a tubing connection in the piston. 

A rigid cylinder with a movable piston instead of a cha 
with flexible walls (Brandt’s Fig. 3) can be used if the stress ap- 
plied by the piston is transmitted equally in all directions throug! 
out the pack. This condition was fulfilled for the rubber sphe « 
pack for several reasons: (1) Rubber has a Poisson ratio of 0.49 
2) There was no shear stress on the walls because (a) the spheres 
made only point contact on the walis, (b) the walls were of highly 


mber 


polished plastic, (c) the pack was filled with kerosene which acted 
as a lubricant, and (d) the cylinder length and diameter were 
equal. Visual observation showed that the spheres were distorted 
by the same amount at top and bottom of the pack during com- 
pression. 

This sphere pack was used to test Brandt's equations and also 
his assumption that compression of the pack caused no change 
volume of the spheres. The change in bulk volume should ther 
equal to the change in void volume. Void volume of the com- 
pressed pack was measured as a function of bulk volume from zero 
compression to a bulk volume 87.5 per cent of the original b 
In this range the change in void volume 
change in bulk volume. 

The linear relation between bulk volum« 

1 is in agreement with Brandt’s equatior 
data of Fig. 1 is 


volume. was equal t 
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Bu.ix Votume or Spuere Pack as A FUNCTION oF Pressure 


Void volume as a function of pressure was similarly f< 


Veoia = 5.015 X 10? — 230P** 


The experimental data can be compared to theory if 
t 
lus of elasticity and Poisson’s ratio for the neoprene 


Timoshenko and Goodier? show that the term (1 
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Nonuniform Rim-Stress Conditions 
fora Rotating Solid-of 
Uniform Stress 
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would be produced by an equivalent stress S,/C, then this dis- 


s nt + v3? 
ee ..-[3) 
CE r2? ag r;? 
where r; is the outside-rim radius. The parameter C must be an 
appropriate function of the axial rim width b and the disk width 
Z2. For this analysis it is assumed that C = b/z2. 


The displacement of the inside radius of the rim due to centrifu- 
gal force is given‘ by 


placement? is given by 


3 + pw)rirs* | 
i—g) j 
[4] 


pw*(1 — w*) 9 (3 + w)(rs? + rire’) 
8E ) 


6, = -~ri+- 
(1 + pw) 


Eliminating w from Equation [4] by using Equation [1], and 


using Equations [2], [3], and [4] to write the continuity relation 
6, = 6, = 6,, + 6,,..... [5] 


gives a relationship between rim dimensions and disk dimensions 
which can be solved easily for 
In 2/22 = f(ri, v2, Cy 


The explicit solution for a rim dimension function requires alge- 
This can best be done by letting 


braic manipulation. 


It can then be shown that 


where 


1 


J 


Solving Equation [7] for y and eliminating those signs which 


have no physical significance give 


r=45+[(5)-¢] Ff ” 


Equation [10] is an expression for rim dimensions which is in- 
dependent of angular velocity. For any combination of z,/z: and 
r; (any given disk design), a combination of C and r- (rim design) 
can be selected which will satisfy Equation [10]. It follows that 
this rim design will insure that conditions of uniform stress will 
exist in the disk for all operating angular velocities. 

The assumption of uniform stress over the rim cross section 


3 l ; 
7 av? - 1 . (11) 


as the expression for y which must be satisfied to insure uniform 
stress in the disk. 

°“‘Strength of Materials,’ by S. Timoshenko, D. Van Nostrand 
Company, Inc., New York, N. Y., vol. 2, 1941, p. 241. 

‘ Ibid., pp. 245-246. 
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5 is 


PER CENT ERROR IN y 
@ 


WIDTH RATIO x,/ 


Fic. 1 Error rn 7 ror Given 2 


Ki /Me 


IN 
5 


PER CENT ERROR 


14 6 8 
RADIUS RATIO Y 


Fic. 2 ERRor 1n 2/22 FoR GIVEN 7 

Fig. 1 shows the percentage error which results from using the 
approximation to select a rim when the disk-width ratio is given 
Fig. 2 shows the percentage error which results in disk-width ratio 
when the rim-thickness ratio is given. The curves reveal that 
the error resulting from the approximation is less than 10 per cent 
for most of the design region. The permissible design error and 
the particular values of the design parameters will control 
whether or not the approximation can be used. 
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Note on Way’s Large-Deflection 
Solution for the Uniformly 
Loaded and Clamped 
Circular Plate 


H. D. CONWAY,'! ITHACA, N. Y 


7 XAC T solutior to the so-called ‘large-defiection’ equa- 
_4 tions of plate theory are rare, one of the few being that of 
loaded and clamped circular plate. As 
a result of bending, the radius of the edge tends to decrease 
ment is prevented, the plate is subjected to 

juestion then arises as to whether the di- 


Way? for a uniformly 


and, as radial mov 
radial tension. The 


vergence of Way’s results from the small-deflection solution is due 


mainly to induced radial tension or to using a large-deflection 


theory. It was the of the present investigation to settle 


this poin 
The linear the f axially sy *trical plate bending gives 


D 


ree Q is related 
imferential length and uni- 


The shearing f 


ii, a? is a constant and the 


+ gr/2Da? 


1 Professor of Mechanics, Cornell University. 

2 “Bending of Circular Plates with Large Deflection,”’ by S. Way, 
Trans. ASME, vol. 56, 1934, p. 627. 

Manuscript received by ASME Applied Mechanics Division, July 
25, 1956. 
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Hence from Equation 
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Sary to compare with Way’s calculations; that 8, up Oo aa = 4 
The convergence of the series becomes increasingly slower wit! 
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1s making calculations’ increasingly mor: 


laborious. It is probable that Way’s method of solution will 


also present computational difficulties of this kind beyond this 


range 
Values of aa = 2, 3, and 4 were selected and, assuming that 
y 0.3, ga‘/Eh* was calculated from Equation [9] and the 


corresponding maximum deflection stresses calcula 
zahlenmissige Beherrschung und Anwendung einig 
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Equations [5], [6], and [7}. Figs. 1 and 2 show that the results 
are almost identical with Way’s over the range of wmax/h con- 
sidered and hence that the large-deflection terms have little effect 
in this range. It is likely that the same is true for the clamped 
square plate, which also has been discussed by Way. However, a 
solution similar to the foregoing would be difficult to obtain in 
this case. 

After completing the foregoing calculations, the author dis- 
covered that an investigation along similar lines was published 
in 1902 by I. G. Boobnov.* Unfortunately, Boobnov’s paper 
contains errors which invalidate his results. Because of an incor- 
rect definition of the equivalent of aa, the series used to evaluate 
the Bessel function integrals have insufficient terms and, addi- 
tionally, (1 — v) in the right-hand side of Equation [8] is omitted. 


On the Use of Sine Transforms in 
Timoshenko-Beam Impact Problems 


By BRUNO A. BOLEY,' NEW YORK, N. Y. 


INTRODUCTION 


_ nee exact solutions representing the behavior of Timo- 
shenko beams under various conditions of impact have re- 
cently appeared in the literature; in so far as the author is 
aware, they were all obtained with the aid of either Laplace or 
complex Fourier transforms. Somewhat neglected have been the 
sine and cosine transforms, which, however, present the distinct 
advantage that their inversion integrals can be immediately writ- 
ten in the real domain, without the necessity of tedious contour 
integrations. The result is then immediately obtained in terms 


+**Theory of Plates and Shells,”’ by S. Timoshenko, McGraw-Hill 
Book Company, Inc., New York, N. Y., 1940, p. 347. 

“On the Stresses in a Ship’s Bottom Plating Due to Water Pres- 
sure,”’ by I. G. Boobnov, Trans. INA, vol. 44, 1902, p. 15. 

1 Associate Professor of Civil Engineering, Institute of Flight 
Structures, Columbia University, New York, N. Y. 

This investigation was supported by the Office of Naval Research. 

Manuscript ASME Applied Mechanics Division, 
July 11, 1956 
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of definite integrals which are usually evaluated numerical 
This evaluation is often very difficult because of the unavoidal 
oscillations of the integrands; it is the purpose of this note to 
show that this disadvantage of the sine transform is not serious 
in this problem. To this end a known exact solution fora 
Timoshenko-beam impact problem is compared with one obtained 
with the aid of sine and cosine transforms; the exact solution 
chosen is that for a semi-infinite beam, whose end z = 0 is sub- 
jected to a step moment Mp, and is not allowed to displace.* It 
will be seen that no serious numerical! difficulties arise and that, in 
fact, the integrals encountered here are no more difficult than 
those arising in a Laplace transform solution. The sine transform 
approach, when applicable, seems therefore definitely more ad- 
vantageous 


SoLUTION 


The Timoshenko beam equations for the defi 
on W due to bending may be written as 


with the [oi 


and where primes and dots indica 


to the nondimensicnal variables 


respectively. Here r is the radius of gyration of 
section, k‘ the shear correction coefficient, c; the 
gation of longitudinal waves, E and G t 
moduli, respectively. 


Let now 
2 
an rT 
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Vv P, i) = “4 


2 q 
~V 
1 fo 
as tie 
~/W 
Multiplication of the first of Equations 


second by sin pz, subsequent integration with res 
0 to «, and use of integration by parts gives t! 


W+(e+-)w-2y 
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where the end conditions 
Mor 


(0, 4) = 0; 0, t;:) = — 
1 1) ¥ EI 


have been used. The solution of Equations [3], satisfying 
initial conditions that 

* This is Problem II of ‘Some Solutions of the Timoshenko-Beam 
Equations” by Bruno A. Boley and Chi-Chang Chao, Journat o1 
AppLieD Mecuanics, Trans. ASME, vol. 77, Dec., 1955, pp. 579-586 
It was solved there by means of Laplace transforms with respect to 
the time variable. 
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results obtained in this manner for the case of 4 = 5 agreed with 
the previous ones within 1.5 per cent of the latter for all valu 
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Stiffness of Curved Circular Tubes 
With Internal Pressure’ 


E. C. Ropasavan? anp H.H. Gsorcsz.* The authors’ valua- 
ble theoretical development and experimental confirmation of 


the effect of internal pressure on the flexibility and stresses in 


1 By P. G. Kafka and M. B. Dunn, published in the June, 1956, 
issue of the Jounnat or Apptiep Mecuanics, Trans. ASME, vol. 78 
pp. 247-254. 

2Senior Research Engineer, Tube Turns, A Division of National 
Cylinder Gas, Louisville, Ky. 

3 Manager of Research Section, Tube Turns, A Division of National 
Cylinder Gas, Louisville, Ky. 


curved pipe subjected to in-plane bending moments are significar 
not only in aeronautical applications but also in m 
industrial-piping applications. 

Tests of a pipeline welding elbow of 30-in OD, 0.500-in. wall 
thickness, 45-in. bend radius conducted by the writers give addi- 
tional confirmation to this theory, as is shown by the test results 
in Fig. 1 of this discussion. A significant reduction in flexibility 
and stress-intensification factors occurs in this elbow. 

The writers have developed a similar theory which covers both 
in-plane and out-of-plane bending. By neglecting some of the less 
significant factors included in the paper, much simpler equations 
can be obtained which can be carried to higher-order approxima- 
however, we would confirm the state- 


ns with relative ease 
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ment that little gain in accuracy is achieved by using a higher- 
order approximation for the flexibility or longitudinal stress fac- 
tor. The writers have applied their theory using a fourth-order 
approximation and obtained about the same results as those given 
in the paper. The series equations for the circumferential stress 
factor, on the other hand, converges less rapidly, and a fourth- 
order approximation gives markedly different results than a 
second-order approximation, as applied to the curved pipe tested 
by the authors. 

It should be pointed out that where the stress-intensification 
factors are higher than about 2, the transverse stress factor is 
greater than the longitudinal stress factor; for smal! values of the 
parameter ha/b* at zero pressure the transverse-stress factor is 
double the longitudinal-stress factor. That the transverse stress 
is usually dominant is shown by the in-plane bending-fatigue 
tests reported by Markl.‘ Failure in fatigue consisted of 
longitudinal cracks along each side of the curved pipe (@ = 0 or 
@ = 180deg). Fig. 2, herewith, shows the data from Fig. 5 of the 
paper along with the calculated transverse-stress factors using a 
fourth approximation. The zero pressure point on this curve ia, of 
course, the samme as that obtainable by a number of calculation 
methods such as those given by Gross (4), Beskin (7), or Clark and 
Reissner (9). It would he of interest to know if the experimental 
transverse stresses measured by the authors would fall along this 
line. 


Autuors’ CLOSURE 


The theoretical and experimental results submitted by Messrs. 
Rodabaugh and George appear to confirm the trend shown in the 


‘Fatigue Tests on Piping Components,” by A. R. C. Markl, 
Trans. ASME, vol. 74, 1952, pp. 287-303. 

* Reference numbers in parentheses refer to the authors’ Bibliog- 
raphy published with their paper. 
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paper, namely, that the theory somewhat overestimates the 
flexibility factor, and that the error decreases with increasing pres- 
sure. That the transverse stress factor y should require a higher- 
order approximation is not surprising because it is expressed in 
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terms ol 
(6M, It is well known that if 
v 18 an approximate representation of a given function », the dis- 
crepancy between the nth derivatives » and v™ in general be- 
comes larger with increasing n. 

The graph (Fig. 3 


mental 


a*t dg’), whereas 8, having neglected the quantity 


h?, is expressed in terms of (dv) /d¢ 


herewith) shows how the 
the 


and direction of the « 


authors’ experi- 
values for y m 
The distr D ition 
lar to those obtained for 8, for the same tube 
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Analysis ot Creep in Rotating Disks 
Based on the Tresca Criterion 
and Associated Flow Rule’ 
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in general more complex rather than 


to combine a simple yield condition with an unjustified flow 


yield condition, arbitu 

In view of the scatter generally associated with creep-test 
it is doubtful if this would be justified. 
opinion, the author’s Method 3 is the only reasonable method 
disks. Thus the 


vuthor’s paper are perhaps more valuable than he has indi 


Therefore, in the writ 


predicting creep in rotating results 


AvuTuor’s CLosuRE 
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interesting and pertinent remarks which bring out several! | 


author would like to thank Professor Hodge for his 

not covered in the paper 
It should be mentioned that the author’s primary purpos¢ 
Methods 1, 2, 


accu for design use in calcu 
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attempting to 


to compare 
deformatior 
parti 
method from a theoretical standpoint. The author agrees 
the use of Method 2 is open to certain theoretical objections 


that the 
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rotating disks, without justify any 


excellent agreement with test data obtained t 


method may be fortuitous, particularly in view of the scatter i 


herent in creep-test results. Also as indicated in the con 
to the paper, further test data are needed before genera 
sions may be drawn regarding the relative accuracy of the 
ised The to favor the 


Method 3 over Method 2 primary because of its simplicity 


methods author has tended 


greater ease of application in design problems, and it is inte 


to note that the former method is also preferable on the 


al grounds 


Theory of Yield Point and Transition 
Temperature of Mild Steel’ 


W. Hart 


which t Inderstand yield, and 


? The author proposes a conceptual framew 


fracture of mild steel 


lass of similar substances. This framework is set forth in 


thing of the guise of a microscopic model since the centra 


ariabie 1s the number of ‘relaxation cen 


are numerous pou 1 


reatment of it 


the rst part « 

lt as obtain r u on 32 

1athematical The second term 
tion (32 


$2] is really identical with the first 


Appendix. The rest is dur 
error in the parentheses of Ex 
term, but it has beer 
placed by an approximation, and so that equation should 


identically zero. It is clear that no deduction of the deriv 

could have been made anyway, since nothing is known 

form of n, 
Further 


other t 


and no assumption is made about it 
some constants in Equation [35} are made « 


each y requiring that dn be a perfect differentiz 
requirement is certainly not physical and leads to unreal 
bilities 


the 


ay be achieved whether all the tir 


of the ¢ 
at 


at the str 


By requiring integrability independent 


Same concentration of relaxation en vers some 


at. a stress infinitesimally above ¢o 
aa t of 


lec 


ut the ¢ 


interest 


Furthermore, there is some uncertainty ab 


ecting e~ *\“~*™ since many problems of 


Also, if 


= t (possibly with the restriction that 


are concer 


with small stress behavior it is the author’s intent 


that ¢ = o» when t 


thereafter never fall below a»), it is not so simple a matter 
blankly assume n equal to zero at it = &, since 


most materiais ol 


concern to the author have quite complex histories In connec- 


! By F. Forscher, published in the June, 1956, issue of the Jovrnna 
or Appitiep Mecuantcs, Trans. ASME, vol. 78, pp. 219-224 
* General Electric Research Laboratory, Schenectady, N. Y 
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tion with this, it should be noted further that the “‘const’’ in Equa- 
tion [36] which is equated to zero by the foregoing assumption is 
not a constant but is a function of c. 

The complaints of the immediately preceding paragraph are in 
effect protests against the indefinite nature of the model. As em- 
ployed in the paper, it is little more than a way of talking about 
the empirical results. The fictitious relaxation centers are in- 
troduced as very vaguely defined entities, and the attempt to 
identify them with Frank-Read sources is only verbal. No re- 
strictive defining properties are enunciated for these entities 
which might guide one in determining their role in various proc- 
esses. And so, the specific application of the model to various 
phenomena is so discretionary and arbitrary that the writer feels 
the model satisfies none of the logical requirements on the struc- 
ture of a theory. 

AvuTHOoR’s CLOSURE 


Dr. Hart’s criticism concerns itself with the appendix and is 
due mainly to a difference of opinion as to the proper choice of the 
mathematical model. 

It would be of little practical value to set down Equation [27 
without being able to integrate it. By requiring dn to be a perfect 
differential the solution n becomes, of course, independent of the 
path, which is criticized as “unphysical.”” The author recognized 
this (in the paragraph following Equation [36]) but felt that the 
agreement of prediction with experiments was the criterion by 
which to judge the validity of the theory. The good agreement is 
probably due to the fact that n is only slightly dependent on the 
path in tension tests or yield delay experiments and thus can be 
represented by a point function. On the other hand, the phe- 
nomenon of the endurance limit of mild steel could not be repre- 
sented by the point function model. The latter case is an ex- 
ample where, besides the path requirements, neither the term 
exp[(—a(a — o)] nor the aging effect could be neglected. 

There is no mathematical error in Equation [32]. The two 
terms in the bracket cannot be identical since the local stress ¢, 
(first term) must be larger than the shear stress ¢,; (second term) 
in the presence of any relaxation centers (see Equation [28)). 

The constant in Equation [36] represents the effects of the past 
history (i.e., the time before { = & and ¢ = a) on the experiment 
under consideration and does not depend on stress. For if the 
stress ¢ would be high enough to generate relaxation centers it 
would have to be above og and thus past t = & There exists, 
however, the possibility that o» also depends on the history—a 
consideration which requires much further experimental work. 

In summary, the author feels that this semiempirical theory, 
like many other theories, has necessarily some shortcomings due 
to the idealization of the process. However, it has proved its 
usefulness by the simple expressions from which the many aspects 
of the yield phenomenon can be derived, consistent with experi- 
mental results. It also represents an example of a type of model 
which seems promising for applications in mechanics though it 
may not appear attractive to the solid-state physicist. 


A Suction Device Using Air Under 
Pressure’ 


M. Zar.? The author has investigated an interesting physical 
problem, and since there is good agreement between theory and 
experiment, it appears that he has included the essential elements 


1 By L. F. Welanetz, published in the June, 1956, issue of the 
. oF APPLIED Mecuanics, Trans. ASME, vol. 78, pp. 269- 


Technical Consultant, Ford Instrument Corp., Division of Sperry 
Rand Corp., Missile Division, N. Y. Assoc. Mem. ASME. 
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in his analytical approach. However, the following corrections 
should be noted. 

Equation [7] neglects both the ambient and tube pressures 
In the spirit of technical fluid mechanics, on which the author's 
ver is based, this is changed as follows: 
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the disk for the region 0 < r < r,; we have 
P; = pgrr,;? — P;' 
From momentum considerations 
P,! = prr,? + pQV, 


However, using the general energy equation (si: 


= jl 
m= mteye(14 ~ ) 


2r 


Using Equations [3] and [2] in [1] results in 


This should replace the author’s Equation [7] 

The total force on the disk is the sum of the author’s P; (Equ 
tion [6] of his paper) and P;, Equation [4], herewith. 

In the author’s y and x notation this becomes 


 . i 
W eorrected = Wauthor’s » 2 23 (1 ey 2 =d = *. 


Fig. 2 of this discussion is a graph of y versus y showing experi- 
mental data, the author’s y, and the corrected y for various fric- 
tion factors. 

It will be seen for the case under examination that Woorrection and 
Wautnor do not differ greatly. 

It is interesting to examine two limit cases 
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In the theory of the paper both compressibility and th 
of variation of f with Q, V, Ap, h, and so on were neglected. 
author comment on whether the inclusion of these f: 
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would bring about closer correlation between theory and experi- 
ment for the smaller values of 7? 
AuUTHOR’s CLOSURE 

Mr. Zaid’s correction of the author’s force term on the center 
area of the plate is logical and it gives values of force under the 
limiting conditions of zero plate separation and large tube 
diameter which are more realistic than the author’s. The fact, 
that the resulting characteristic curves as shown in Mr. Zaid’s 
Fig. 2 depart from the experimental results even more than the 
original curve, is believed to indicate that a more detailed analysis 
of the flow in the transition from the tube to radially outward 
flow is necessary. Such an analysis would indicate a stag- 
nation point at the center of the upper plate and a velocity 
gradient across the stream, with maximum velocities occurring 
along the bell-mouthed exit from the tube. With small plate 
separation, even with low flow rate, the velocity along this bound- 
ary may reach the velocity of sound, with the possibility of the 
formation of a shock wave. Even with subsonic flow there is a 
strong possibility of flow separation, as stated in the paper. This 
may be expected to occur along the bell-mouthed exit from the 
tube, resulting in an effectively narrower flow stream between 
the plates. It would account for the fact that for intermediate 
values of flow rate the experimentally determined values of force 
on the upper plate are higher than those predicted by the equa- 
tions. At high flow rates, probably both flow separation and 
shock waves occur, resulting in the fact that the flow-rate factor 
fails to continue to increase with plate separation. It is be- 
lieved that shock waves and flow separation are major factors 
as compared with variation in the pipe friction factor in causing 
the difference between the experimental results and the simple 


theory. 


Some Dynamic Properties of Oil-Film 
Journal Bearings With Reference to 
the Unbalance Vibration of Rotors’ 


P. R. Trumprer.*? The limitations of ordinary critical-speed 
calculations, which ignore bearing-support complexities and other 
significant factors, are becoming rather evident to many turbo- 
machinery designers. The authors have presented important 
new information on the manner in which bearings may influence 
rotor motion. The writer agrees with the authors in their feel- 
ing that the proportioning of bearings for low vibration levels is 
an important new design concept. 

The linearization of the bearing problem is a good first step. 
With the use of modern computers the removal of this limitation 
should not be too difficult. Linearization of the dynamic bear- 
ing equations leads to some important questions which cannot be 
answered until better solutions are available. The oil-whip 
phenomenon, for instance, is quite important and cannot be ex- 
plained by equations of the form of the authors’ Equation [1] 

Stodola felt that fluid friction at the disk surfaces provided 
the damping which limited rotor motion at critical speeds; the 
authors say that damping in bearings does the job. It would be 
interesting to consider the applications in which each form is pre- 
dominant. Also, the effect of seals and internal (hysteresis) 
damping may not be negligible. 

1 By A. C. Hagg and G. O. Sankey, published in the June, 1956, 
issue of the JouRNAL or AppLiep Mecuanics, Trans. ASME, vol. 
78, pp. 302-306. 

? Professor of Mechanical Engineering, Illinois Institute of Tech- 

nology Chicago, Ill. Mem. ASME. 


JOURNAL OF APPLIED MECHANICS 


MARCH, 1957 


P.C. Warner.* The authors are to be congratulated on their 
fine paper. The data they present fill a large gap in the rotor- 
vibration picture, permitting practical calculations of vibration 
data which would not be possible otherwise. An understanding 
of the influence of journal bearings on rotor vibration is of prime 
importance not only in rotor design and rotor-stator-clearance 
specifications, but also in such later situations as field balancing, 
and vibration trouble-shooting in general 

Inasmuch as an extensive experimental program designed to 
test the validity of caleulations using these data has beer un- 
avoidably delayed, we have made as many checks as possible 
utilizing such test data as were available 


The range of bearing 
sizes checked runs from 3 in. diam to 20 in. diam, wi f 


th 
rotor weights from several hundred pounds to 90 tons. Ir 
each case, reasonable estimates of actual critical speeds were ob- 
tained by using the bearing data reported by the authors. TI! 

in some cases, Was somewhat surprising since the range of bear 
ing operation involved was below the range tested by 
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DISCUSSION 


we feel at this time that realistic rotor-vibration calculations may 
be made using the authors’ data 

The writer would like to take issue with the statement | 

authors, that the inclusion of bearing conditions in critical- 

calculations was probably not practical until the adver 
SMALL $ VALUES modern high-spe ed computers It is strongly felt that simplifi 
4 (@ Assumen constant calculstions of certain 
: are nut only sufficiently accurate when representing many a 
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rotors, but also afford a valuable insight into the rotor-vibrat 
picture. This greatly increases the value of the bearing 
since many people who are engaged in rotor design do not have a 
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computer readily available In the oniy cases available to the 
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ritical speeds deviated from high speed-digital computer 
lations by 1.7 and 2.9 per cent 
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xd because of the essential difference in bearing acti 


ACTUAL 
RIGID SUPPORT 


high and low values of the Sommerfeld variable, as evider 


the authors’ Figs 3 and 4 


~ 


The writer has found the charts of Fig. 2 of this discuss 


Ne 
N 


ful, particularly when a quick, reasonable est 


It is agreed however, that in those cases whe 





t with many bearings is > considered, a 


sty 


iS & Hecessi 


is supported in its own Dearin 
may be made from Fig. 2 
Again, the authors are to be 


paper ol immediate practical im] 


portance which is of 


such a large group of mechanical engineers 
AUTHORS’ ‘ 


The authors are grateful for t 
Prof. Trumpler and Mr. Warner, 


portant contributions toward a 
LARGE S$ VALUES vibration of rotating machines 


Bw ASSUMED CONSTANT) 
” Eq sation [1] and the tests wer iesigned to provi 


ar properties of ol fims for the speciix 


otability considerations were 

avoided, and application of these dynamic properties 

vibration calculations it is assumed that we have a stable s) 

This approach may have its defects, : f. Trumpler su 

however, it seems that more general proced ires await the 

when operation of real bearings are more accurately specified 
Professor Trumpler also points out that sources of 


I 
damping other than the bearing oil films may be imp 


SPEE 
AL 


RICIO SUPPORT CRITIC 


Friction of the surrounding medium can certainly be sigr 
‘ 


he geometry of the rotor is favorable 


as Stodola su rgests, W hen 


and when the density of the surrounding medium is higt 


CRITICAL 


centrifugal water pump is an example in this category 
other hand, the vibration magnification of a machine operating 


in air, hydrogen, or steam is usually far lower than wo 


ACTUAL 


expected on the basis of damping other than that provided 


bearing oil films. Modern machines have quite rigid be 


supports, and hysteresis damping in nonrotating parts is believ 


Ne 
Ny 


to be very small. Rotor hysteresis is, of course, inoperative { 


inbalance vibration and has no effect on vibration magnificat 





The experience reported by Mr. Warner is encouraging 





lines up with our own experience in East Pittsburgh 

Warner suggests that high-speed computers are not alway 
essential, and he includes interesting and valuable charts based 
on simplified rotor systems. This should prove to be of « special 


} 
‘ } 


interest to engineers concerned with critical speed calculations 
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An Improved Nomogram for the 
Ratios of the Octahedral to the 


Maximum Shearing Stresses’ 


G. A. Ziztcas.2. The author should be commended for the 
nomographic version of the writer’s original analysis.? When the 
value of the ratio p = Toct/Tmax Of the octahedral to the maximum 
shear for given values of parameters a and £ is sought, his no- 
mogram is simpler and in general easier to use. That of the 
earlier paper? still may be more advantageous, however, when the 
most appropriate value of ratio p is desired for a specific problem. 
Then, the value of p appearing in such a problem can be placed in 
the writer’s nomogram and found to be contained within a 
closed-plane area. The centroid of that area, the center of the 
smallest circle containing it, or some other appropriate mean 
point, is easily chosen as the representative value of p for the 
roblem under consideration. If all the points fall along a 
straight line, as in the author’s nomogram, the choice of an effec- 
tive value of p may not be made as conveniently. Moreover, for 
values of both a and 6 close to unity, the author’s nomogram re- 
quires two lines at a very small angle. Their point of intersec- 
tion may not be evaluated as accurately as by the writer’s ver- 
sion. It should be noted also that the writer’s version gives the 
values of the parameter yw, for which the author's approach re- 
quires an additional nomogram. 

The relation of the author’s nomogram to the writer’s analysis, 
referred to in the author’s paper, can be made clearer, | 
sidering Equations [10] or [11] of his development,’ either one 


yy con- 


be written 


of which can 


+(1— 8 -20-Ay : 3s 


The latter equation gives for the ratio of 1 — a to 1 — 


l1—a a 
_ = —<} + 
i—sg 2 
1 Sy 
> EY] g 3" —2) 14 for a<8 

Now the values 1 — @ and 1 — 8 represent the vertical side of 
the triangles formed in the author’s nomogram by joining by a 
straight line a value of a to a value of 8 and adding the inclined 
scale joining the points (+ 1.00) of his two vertical scales. Hence 
the common vertex of these triangles can be located on the in- 
clined scale by the values of the right-hand side of foregoing Equa- 
tion [3] or [4]. Such values are readily calculated from Table 1 
of writer’s paper.’ For an appropriately chosen length of the in- 
clined scale of the author’s nomogram (chosen as, say, 5 in. or 
10 em to simplify calculations), these values locate points on 
the inclined scale corresponding to various values of p. To such 

10. P. Kharbanda, published in the June, 1956, issue of the 
JOURNAL OF AppLiep Mecnantcs, Trans. ASME, vol. 78, p. 312 

? Assistant Professor of Engineering, University of California, Los 
Angeles. Calif. 

“A Simple Nomogram for the Ratios of Octahedral to Maximum 
Shearing Stresses and Its Physical Interpretation,”’ by G. A. Zizicas, 
JOURNAL or AppLieD Mecuanics, Trans. ASME, vol. 76, 1954, pp. 
291-293. 
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tely 
aLveiy, OF as 


points the associated value of p is assigned. Alter: 
a check, various points of specified values of a and 8 can be joined 
by a straight line and its intersection with the inclined scale of 
the author’s nomogram be assigned the corresponding value of p; 
such a procedure is most effective when a typical value of 8 an 
p is first chosen and the corresponding value of a is compute 
by, say, Equation [11] and Table 1 of the writer’s paper.? B 
either one of the foregoing approaches, in practice one only needs 
to locate the points of the inclined scale corresponding to p = 
0.8165, p = 0.9428, and integral hundredths in between 

Finally, a similar nomogram with three straight lines, as tl 


one proposed by the author, can be constructed t« the va 


rive 
) giv 


of the index of deviation 


necessary ‘ 
’ 


the foregoing Equations [3] and [4 


of the writer’s paper show, for instan 


The Propagation of Fatigue Cracks’ 


F. A. McCurntock.? Since the author’s mode! is based on ele- 
ments behaving in a macroscopically plastic manner, valid re- 
sults should still be obtained at stress levels high enough so that 
the crack propagates all the way to failure under the first applica- 
tion of load. In other words, the load producing fracture under 
static conditions should be the load for which the rate of growth 
becomes infinite. Differentiation of Equations [27] and [28] of 
the paper indicates that this occurs only when the nominal ap- 
plied load reaches the ultimate strength of the material. Experi- 
mental data obtained since the author carried out his analysis 
have shown that fracture may occur even below the yield stress in 
some cases, the more so the longer the crack.** Why does tl 

proposed model fail to predict this effect? The modified Griffith 
equation, > = +/(Ep/b), dependence 
Since the proposed model contains an elastic matrix fitted t 
elastic solution and provides for a constant plastic work per 


1 


area of crack 


does predict a length 


+} 


one would expect the proposed theory to go to the 
j 


Griffith equation in the limiting case of static loading 

Another question is whether the width of the plastic zone 
should not be assumed to increase with an increase in the len 

‘By A. K. Head, published in the September, 
Journat of Apptiep Mecuanics, Trans. ASME, vol. 78, 
407-410. 

? Assistant Professor, Massachusetts Institute of Technology, Cam- 
bridge, Mass. Assoc. Mem. ASME 

+“‘Some Design Considerations for Tear Resistant Airplane Struc- 
tures,”” by A. Sorenson, IAS Preprint 618, January, 1956 

*“On Fracture in Thin Metallic Sheets,"’ by F. M. White, Master's 
thesis, Department of Mechanical Engineering, Massachusetts Insti- 


Technology, Cambridge, Mass. May, 195¢/ 


1956, issue of th 
1956, rh 


tute of 





show n theoretical 


Finall, 


~alizes that it should have been pointed 


footnote 2 of the paper, that the 


‘ t} 


the close agreement obtained be- 


the older theory may have been 


1, where necessary, Modil ving mo 


eo of the 


mechanic 


ks in annealed coy 


talline specimer 


/ 


versed 


-compres- 


imens was held con- 


e stress used was 8.4 X 10° dynes 


diameter (4 
ir cracks observed on speci- 
osed growth law fits 
were 0.5 mm long 
l atom per cyci 


te ol propa- 


must be more stress- 


Strain Distribution Around Shar; 


by J. A. H. Hult and F. A. Me- 


yngress of Applied Mechanics, Brus- 


Farnborough, Hants, England. 
re in Copper,” by N. Thompson, 
Philosophical Magazine, 8th series 





* Pace ~ OF 
. ~~ 





irely negligible compared to the 


pendent than 1 t 
X 10° dynes cm~* the spr 
took about 2 million of 
n [28] would predict that the same growth wou 


5 X 10 dynes cm~, if 


=;, and longer if a higher value 
the S-N 


curve for these sy] 


pecimens 


wouk 


~ ge or er 
"s and th a ia rack has the same 

as a small crack Asw ild be expec ted, the 

ack in this case follows an exponential law 

for keeping a constant was the feeling tha 

rows it does not remain geometrically similar 

the crack has a constant configuration, proba 

determined at an atomic level, which is independent of t 

ler gth of the crack. It seemed reasonable then to keep z 

as this implied that the stress concentration 

For the ori 


I thin 


this means aba: 


stant, especially 
he s juare root of the crack length 
model, to describe a fatigue crack, 
@ constant is appropriate even if 
loning the literal interpretation of a as the width of the plast 
zone. 

It appears very difficult to make allowance for the finite size 
of the specimen, so I have no comment on Professor McClintock’s 
final point 

I would like to thank Dr. Wadsworth for his data, as publish« 
neasurements on the growth of fatigue cracks are very fi 

lis observation on the stress dependence of the crack growt 
ite appears to be correct, altho ugh in view of the scatter o/ 
fa 


tigue data it is a borderline case However, this aspect appears 


t further inv His final point is « or wi 


to require further investigatior 


\planatio! 
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Vibrations of Cylindrical Shells 
With Rotatory Inertia and Shear’ 


E. H. Kennarp.? The principal interest of this paper lies in 
those vibrations, not usually considered, in which the motion 
varies predominantly in the radial direction within the thickness 
of the shell. Perhaps a misgiving may be expressed, however, 
concerning an inconsistency in the approximate equations that 
are used. ‘Radial lines remain straight,’’ yet in Equation [8] 
of the paper, shear is introduced, as a consequence of which radial 
lines must distort. In the Timoshenko beam theory a similar 
obscurity affects only the significance and value of K, but the 
consequences might be more serious when local motions play a 
predominant role. 

In the case of ordinary long-range vibrations, where the motion 
can be described adequately in terms of the displacements of the 
median surface, it would seem that a better estimate of the effects 
of rotatory inertia and transverse shear could be obtained with 
use of more complete equations such as those of Epstein [in ref- 
erence (3) of authors’ Bibliography ]. 


AvuTuors’ CLOSURE 


In the authors’ opinion, one need have no misgiving concerning 
the inconsistency mentioned by Dr. Kennard, since the principal 
aim of the paper is not to study the vibrations in which variations 
across the wall thickness play a predominant role, but, rather, to 
obtain a first approximation of the influence of shear and ro- 
tatory inertia on the first two modes of vibration. In this ap- 
proximation, the assumption that “‘radial lines remain straight’’ 
is valid. The use of Epstein’s equations to study these modes 
would lead to greater mathematical and computational com- 
plexity, which, the authors believe, is probably not warranted. 


An Elastoplastic Thermal-Stress 
Analysis of a Free-Plate’ 


Pau Serwe.? To some extent the author restricted himself 
unnecessarily in this recent paper since for this problem a solution 
could have been obtained, in principle at least, for a strain- 
hardening material with temperature-dependent properties. Be- 
cause of the assumptions inherent in the formulation of the 
problem—that we are considering the interior of a free plate sub- 
jected to a uniform heat input and are sufficiently removed from 
the edges—considerations of symmetry and equilibrium indicate 
that the stresses are given by (using the author’s notation) 


o,, = Oxy - 
But this would indicate that the stresses are in constant ratio and 
hence that the strains are in constant ratio, so that deformation 
theory can be used. Since we have only one unknown, 7(%), the 
plate problem is somewhat analogous to the problem of a long, 


i By T. C. Lin and G. W. Morgan, published in the June, 1956, 
issue of the JourNnat or Apptiep Mecuanics, Trans. ASME, vol. 78, 
pp. 255-261. 

? David Taylor Model Basin, Washington, D. C. 

1 By Jerome Weiner, published in the September, 1956, issue of the 
JOURNAL or AppLigep Mecuanics, Trans. ASME, vol. #8, 1956, pp. 
395-402. 

? Member of Technical Staff, The Ramo-Wooldridge Corporation, 
Los Angeles, Calif. Assoe. Mem. ASME, 
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thin rectangular beam subjected to a temperature distribution 
which is uniform along the length of the beam but varies through- 
out its depth. For this problem there need be no restriction on 
material properties or, indeed, on the form of the temperature 
variation throughout the depth. It can be shown from the stress- 
strain and strain-displacement relations that the displacements u 
and v must be linear functions of the co-ordinate % and that the 
stress distribution for monotonically increasing stresses is given by 


aT(z 


where EZ is Young’s modulus as a function of temperature, £, is 
the secant modulus for the uniaxial stress-strain curve as a func- 
tion of 7(#) and temperature, and A and B are constants deter- 
mined by the condition that the stress distribution 7(2) yields zero 
resultant force and zero resultant moment over the thickness. It 
can be seen that in general the determination of A and B is quite 
difficult and that trial-and-error methods are When 
unloading of any portion of the thickness occurs the solution must, 


necessary . 


of course, be modified to take into account the change in stress- 
strain relations in that region. 

These remarks should not detract from the 
tains an interesting approximation for the temperature distril 
tion through the plate and a quite complete discussior 
stresses for both the loading and unloading conditions in a plate 


paper which 


of a perfectly plastic material. The main purpose of these com- 


ments is to indicate that the author’s solution could have been 
obtained in a more straightforward manner and could have been 
generalized, in principle, beyond the assumption of 


plasticity. 
AvuTHor’s CLOSURE 


this 


i yield identical 


The author agrees with Dr. Seide that, for particular 
problem, the deformation and flow theories wouk 
results. However, he wished to formulate this problem in 
manner which would allow a completely 
which would permit extension to other thermal and residual 
stress problems for which the deformation theory would be in- 


made and 


analytical treatment and 


admissible. Such extensions have been will be re- 


ported on shortly. 


Pretwisted Beams and Columns' 

J. Nowrnsk1.? In his valuable paper the author derives a 
set of simultaneous equilibrium equations for a pretwisted beam 
column, constituting a generalization of the well-known equations 
for an initially straight and untwisted beam. The author is 
inclined to attribute the latter equations to J. N. Goodier’s 
paper of 1941. The writer thinks it may be of interest to say 
that rather similar equations, although for solid bars, were de- 
rived by Dr. A. Grzedzielski and the writer in a paper of 1938." 


AvuTHOR’s CLOSURE 


The author wishes to thank Professor Nowinski for his 
comments. 

1 By John Zickel, published in the June, 1956, issue of the JouRNAL 
or ApPpLtiep Mecuanics, Trans. ASME, vol. 78, 1956, pp. 165-175 

2 Professor and Editor, Archirum Mechaniki Stosowanej, Polish 
Academy of Sciences, Warsaw, Poland. 

*A review by T. Leser, Applied Mechanics Reviews, vol. 9, 
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Book Reviews 


Fifty Years’ Boundary-Layer 
Research 


Edited by H 
Braunchweig 
and Indonesia, I 
Lon jon W 1 


Cloth, 6'/, XK 9*/s in., 


Gértler and W 
(Sole distribu- 
R. Maxwell & 

England; 122 East 

viii and 


HTFORSCHUNG. 
Vieweg & Sohn 


i Kingdom, 


Reviewed sy WituM R. HawrTHorve 
marks the fiftieth anniversary of 
ng paper which, in 1904, introduced the 
D t is nearly 500 pages long an 
It y 500 pages | nd 


ithors nearly all of them describing 


papers is intended to illustrate 


er research which are attracting atten- 
show how much progress has been made 
lacks any 


is indeed a mixed bag which 


print the order in 


[ ing the papers in 
received. The 


arent untidiness. It is the untidiness 


editors present a dis- 
ite of 50 years of useful work still evades 
scription or control of its phenomena in 
papers in 


mself, will agree that their variety 


an attempt to marshai the 


rs are in German and one is in 


Translations of the ab- 


racts would have 
The first paper in the volume is an able and concise review of the 


50 years of research, by W. Tollmien. There are about five 


theoretical papers the laminar, incompressible, and two-dimen- 


sional boundary laver which deal with the conditions at its outer 


edge (A. Betz | 


of separation, the 


itational method), the calculation 
liquids, and the 


Porous walls 


¢ 


lation of state ior 


treatment of bour 1 electron stream 


are treated mathematically in two papers Unsteady laminar 
boundary layers are analyzed by two authors, and one paper gives 


some measurements 


tube 


the growth f bound ry iayer ina shock 
‘rest in three-dimensional, incompressible 


laminar boundary laver The effect of sudden lateral pert irba- 


The re 1s grea‘ 


tion of a rotationally symmetrical boundary 


layers on rotating bodies and in conical nozzles, flow over ellip- 


soids, and the question of flow direction at separation are analyzed 
H. Gortler and G 


present 


Hammerlein discuss Gértler vortexes and 
which suggests that they 
occur in the neighborhood of a stagnation point. 
eight papers on laminar compressible boundary 
heat transfer. One of them treats the effect of 
tion; three offer theoretical results including 
the effect of Prandtl Number, viscosity-temperature index, and 
frictional heating on velocity and temperature distributions; 
jeals with the boundary layer in hypersonic flow. The 
of a Stanton tube as a skin-friction meter in compressible flow 
is the Experiments on the boundary 
layers of supersonic jets are described. The heating of a flat plate 
suddenly set into motion is the subject of another theoretical 


an interesting theory may 
There are abo it 
layers, some witl 


weak shock intera 


another 
use 


subject of another paper. 


analysis. 
t Universit 
England 


ng Laboratory, Cambridge, Cambridgeshire, 


Transition is discussed in seven papers of which two are pri- 


marily analytic and the remainder contain some description and 
analysis of experiments. In particular, A. Fage summarizes re- 
sults obtained in the past 25 years with the fluid-motion micro- 
scope. F. X. Wortman describes the visualization and measure- 
ment of stream-line position with tell 
of three 


Eckert and his co-workers report 


irium, noting the existence 
as well as two-dimensional! oscillations near transition 
experimental results on transi 
tion on a vertical heated plate 

Papers by D. Coles, E. R. van Driest, and C. Ferrari 
turbulent boundary offer methods of estimating skin friction and 
based on certain empirical assumptions. This 
naturally an area of great interest. 

It is evident from the above summary that theorists still hav« 
much to discuss on even the simplest type of boundary layer and 
that considerable effort is being devoted to transition, compress 
bility, and three-dimensional effects 

Eight other papers not easily categorized in the above list in 
clude the analysis of radial jets, the boundary-layer growth at 
entry to a pipe, the measurement of turbulence in a diffusing 
channel, the analysis of flow under gravity in a duct with heating 
from below, the use of sailplanes for boundary-layer research, 


heat transfer 


the flow of lubricant in journal bearings, and A. D. Young and 8 
Kirby’s calculations of the drag of biconvex wing sections at 
supersonic speeds. 


On the whole the volume achix h for tk 


ves its object, although for the 
lay reader less exhausting and more instructive ways of obtaining 
& summary 
probably could be devised. It has the quality of a still taken from 
a motion-picture film. It will disappoint some; others may find it 
a stimulus for further exploration. However difficult it may be for 
the general reader, there is no doubt 


of the present state of boundary-layer research 


that the volume presents an 
appropriate tribute to Prandtl’s genius which is dignified by the 
authors’ efforts to contribute their original work. The research 
worker will inevitably find this an interesting volume for bot 


reference and study. 


Engineering Mechanics 


ENGINEERING Mecuanics. By 8. Timoshenko and D. H 
McGraw-Hill Book Company, In New York, N. Y 
Edition, 1956. Cloth, 9 X 6 in., x and 478 pp., ph 
illus., $7.50 


is apper 


Reviewep sy N. O. Mr«uestap? 


HE body 


one, statics 


of this book is divided into two equal parts: + 

and part two, dynamics. Almost all the head 
ings of this new edition are identical with the ones of the third 
edition; however, the material arrangement and the presentation 
In doing this 
simplification of the 


of the subject matter have been thoroughlv revised. 
the authors have had these objectives l 
text proper, (2 
de-emphasis of the algebraic treatment of problems. The problem 
sets have been completely revised, and they contain a high per- 
centage of new problems. 
braic treatment of problems de-emph sized: 
whole is outstanding and makes a 
mechanics. 


improved arrangement of subject matter, and (3 


The reviewer is sorry to see the alge- 
b it the book as a 
well-balanced textbook of 


? 5346 Calle Del Norte, Phoenix, Ariz. Mem. ASME. 
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Suspension Bridges 

STATISCHE UND DYNAMISCHE BERECHNUNG ERDVERANKERTER 

HANGEBRUCKEN MIT HILFE vON GREENSCHEN FUNKTIONEN UND 

INTEGRALGLEICHUNGEN. By Hugo Moppert. Verdffentlichungen 

des Deutschen Stahlbau-Verbandes. Heft 9. Stahlbau-Verlags 


GMBH, Kéln, Germany, 1955. Paper, 6'/: X 9'/: in., 114 pp., 
Dm 18. 


REVIEWED By ALI Kyraua? 


“HIS dissertation systematically treats the static and 

dynamic problems of suspension-bridge design from a 
mathematical viewpoint. The first section of 47 pages is de- 
voted to formulating the static problems in terms of Green’s 
functions and to determining the influence functions for the 
bending and torsion of solid web girders. There is a very brief 
final article on the extension to framed girders. 

In the second section the integral equations for bending and 
torsional vibrations are set up and the Rayleigh principle applied 
to the determination of characteristic frequencies for a variety of 
special cases. The last section is a numerical application of the 
methods expounded in the preceding sections to the Cologne- 
Miilheim bridge. Antisymmetric characteristic frequencies for 
bending are determined by replacing the integral equation con- 
cerned with a set of linear equations and also by the Rayleigh 
method. The two methods agreed to within 1.1 per cent. Further 
computations of the characteristic frequencies for symmetrical 
bending and symmetrical and antisymmetrical torsional vibra- 
tions are carried out by the Rayleigh method. 

Although the equations read smoothly, the text is not dis- 
tinguished by any striking expository style. The printing is ex- 
cellent. The publication can be recommended as a class reference 
for courses in suspension-bridge design and also as a professional 
reference for practicing engineers in this field. 


High-Speed Aeronautics 


PROCEEDINGS OF THE CONFERENCE ON HicH-Speep AERONAMTICS, 
Polytechnic Institute of Brooklyn, Jan. 20-22, 1955. Edited by 
Antonio Ferri, N. J. Hoff, and P. A. Libby. Polytechnic Institute 
of Brooklyn, Brooklyn, N. Y., 1955. Cloth, 8'/: X 6 in., vi and 
392 pp., illus., $5.25. 


RevIEweED By W. R. Hawruorne‘ 


"THIS volume contains the papers presented at a conference on 

high-speed aeronautics which was part of the centennial 
celebration of the Brooklyn Polytechnic Institute. The volume 
consists of the 16 papers given during the three-day session, an 
account of the conference by N. J. Hoff, and : 


pants, 


list of the partici- 


* Mathematician-Physicist, Lessells and Associ«tes, Inc., Boston, 
Mass. 

‘ Professor, University Engineering Laboratory, 
versity, Cambridge, England. 


Cambridge Uni- 
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Libby and Bloom describe the fa 
search available at the Institute’s Laboratory in Freeport, N. Y. 
Air-storage capacity up to 2800 psi is u 
Som € 


cilities for experimental re- 


sed tos ipply both s iper- 


sonic and hypersonic tunnels. theoretical work at the 
Institute described by Antonio Ferri has concerned itself with 
analytical solutions of the high-speed flow around bodies of aero- 
nautical interest without the normal linearization of the equa- 
tions of motion. Examples are given of solutions in which linear- 
ized disturbances are superposed on a basic nonlinearized flow 
approximating to the actual flow field. 
scriptions of methods of dealing with transonic regions and with 
interferences. 
N. J. Hoff analyzes a redundant framework, a rigid frame, an 


a thick-walled tube in the presence of 


The paper includes de- 


steady creep in 


f 


which presents the beginning of a method of creep stress ar 
to the engineer. 

The first guest paper is that of Dr 
the solutions in sub and supersoni 
summary of the state of understanding 
cluding transonic and hypersonic flov 
interaction as well as other pertinent 
Another v 


paper on transitior 


value to the student. 
H. L. 


speeds. 


Dryden's 
This promises a rapid development « 

the origin of turbulence. L. Cr 

tribution to the theory of shoc 

ymplementary experimental 

resent a new method of c tir 

evolution at Mach number unit 

that the theory is satisfactory in pra 
Susemann discusses the noise fron 

gests some simple methods of analyzing it. 

the factors affecting the design of supersoni 
Michel and Sirieix present experimental 

of incidence 


speeds. 


ympu 


rT 
, 
r 
I 


supersor 


on the characteristics of 
of the two-dimensional performance of 
cascades. 


In three papers L. Broglio, J. Duberg, and W 


H. Horton pre 


sent some aspects of the problems set by the thermal effects on 


craft structures in high-speed flight. Broglio’s therma 
method is of interest. 
discussion of the effects of creep and of transient temp: 
tributions in typical structures. Horton de 
but also summarizes work on heat transfer 
tional features. 

In the hypersonic field Smelt discusses the fd 
wind tunnels for very high Mach numbers, and Kantrowitz sur- 
veys the properties of air in shock waves of h ten 
ture, 

The papers in this volume are on the whole 
and can be recommended both to the student for referenc¢ 
the lay reader as a summary of the state of the art ir 


Duberg’s review of NACA work 


of a hig } 


moving field. 

















